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Abstract
Meson photoproduction provides a powerful tool for studying the structure of hadrons in the non-perturbative QCD
low energy region. Single pion photoproduction has been applied to studying nucleon resonances especially for
the ∆-excitation. A further method may be found in the double pion photoproduction which offers complementary
information, especially on the resonances that couple weakly to a single pion. Among the three channels of the
double pion photoproduciton on the proton (γ p→ π0π0 p, γ p→ π+π−p, γ p→ π+π0n), the 2π0 channel is the
preferred one, which provides interesting details because Born terms are strongly suppressed and the ρ0 meson
cannot directly couple to 2π0. Even studied for many years, the underlying mechanism of the 2π0 channel is still
not well known. In this work we measured the total cross section and the Dalitz plots of this channel up to a great
accuracy, which will shed more light on the underlying mechanism.
Double neutral pion photoproduction was measured at the Research Center for Electron Photon Science (ELPH)
at Tohoku University in the years 2008, 2009 and 2010 just before the Great East-Japan Earthquake. A 4π electro-
magnetic calorimeter complex, named FOREST, was employed to detect neutral mesons decaying into photons as
well as some charged particles in the final state.
We obtained the total cross section of the γ p→ 2π0 p reaction at incident photon energies ranging from 0.5 to
1.2 GeV. In addition, Dalitz plots and invariant mass distributions of m(π0,π0) and m(p,π0) are presented. The
m(p,π0) distribution nicely confirmed that the main contribution to the γ p→ 2π0 p reaction both in the second
and third resonance regions is from the ∆ sequential decay of γ p→ π0∆→ 2π0 p.
For the first time, we study the space-time properties of the excited nucleon in the non-perturbative QCD region
via Bose-Einstein correlations (BEC) in two neutral pions emitted in photoproduction off a proton/neutron target
both in the exclusive and the inclusive cases. The BEC effect was used for the first time in the 1950s to measure
the size of astronomical object. The principle of this effect is quite simple. For two identical bosons emitted from a
source, their wave-function should be symmetric with respect to the exchange of two bosons. This symmetrization
leads to an enhanced probability of emission if the two bosons have similar momenta. The enhancement is related
to the space-time dimensions of the source. Therefore, the study of the BEC provides an access to learning about
the space-time properties of the emitter.
BE correlation is also used as a tool in particle physics to study the space-time properties of hadron reaction region,
especially for particle collision and heavy-ion collision reactions with large multiplicity at high energies. However,
in the non-perturbative QCD energy region, BEC analysis has not yet been performed because the observation of
the BE effects is strongly obscured by many factors such as strict kinematical limits and resonance effects. And
there was no reliable method previously to address this problem. In this work, we first attempt to observe the BEC
effects in the non-perturbative QCD region and to obtain the information on the spatial extension of the two pions
emitting source.
The 2π0 correlations are investigated by studying the spectra of Q, the invariant mass of the two pions relative
four-momentum. The correlation is quantified by a correlation function which is defined as the ratio of the Q
distribution of real data to that in a reference sample free of BE effects. The correlation function is related to a
parameter r0, a measure of the size of the pion emitting source, and a parameter λ2, a measure of the strength of
the correlation (or chaoticity of emission). The reference sample is built by combining 2π0 from different events.
For this purpose, an event mixing technique was developed and proved to be effective.
ii
In this work, we analyze the Bose-Einstein correlations between two neutral pions from the exclusive reaction
γ p→ π0π0 p and the inclusive reactions γ p→ π0π0X and γd→ π0π0X with the developed event mixing method.
And we present the results of this analysis in this thesis. Within error bars, these three reaction channels exhibit
consistent results for the dimension parameter r0 and the chaoticity parameter λ2. That the BEC results from the
proton and the deuteron targets show consistent r0 and λ2 values indicates that an incident photon mainly interacts
with one nucleon in the deuteron, the size of two π0 emitting source for the proton target is the same as that for the
neutron target, and the degree of being chaotic of the two π0 emitted from the proton is also similar to that from
the neutron.
It is found that the r0 and λ2 values seem to be independent of the incident photon energy in the region 1.0 GeV ≤
Eγ ≤ 1.15 GeV . We also calculate the weighted average values for the r0 and the λ2 over Eγ for all these three
channels together. It is found to be r0 = 0.91± 0.01 (stat.)± 0.04 (syst.) f m and λ2 = 0.66± 0.01 (stat.)±
0.23 (syst.). This r0 gives information about the spatial extension of baryon resonances, because the 2 π0 emitted
in photoproduction are decayed from excited baryon states. For the double neutral pion photoproduction on the
nucleon, the proton or the neutron, in the baryon resonance region, it is natural to expect that the size of the emitter
is comparable to the nucleon size ∼ 1.0 f m. Our study based on the BEC analysis confirmed this expectation.
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Chapter 1
Introduction
In this chapter, brief background information about the study of baryon spectroscopy is given. In addition, Bose-
Einstein correlations (BEC) between identical bosons is described, and experimental difficulties in BEC measure-
ments are mentioned, as well as previous experimental results. This description is mainly based on [152, 179]. In
the end, the motivation of this thesis is given.
1.1 The Standard Model and QCD
Our present knowledge about the subatomic world is primarily based on the Standard Model, developed through-
out the latter half of the 20th century [1]. This model is sometimes regarded as a ”theory of almost everything”,
because it contains the theories of the electromagnetic, weak, and strong nuclear interactions, which are all essen-
tial to understand the behaviors of subatomic particles. According to the standard model, the fundamental building
blocks of matter are the 6 quarks and the 6 leptons. Table 1.1 gives a summary of the elementary quarks and lep-
tons. There are also 8 gluons, three massive vector bosons—W+,W− and Z0—and the photon. They are the force
mediating particles for strong, weak and electromagnetic forces, respectively. A new elementary particle called
Higgs boson was also introduced in the model in order to explain the spontaneous breaking of the symmetry. It
was initially theorized in 1964 [3–5] and its discovery was announced at CERN on 4 July 2012 [2]. The standard
model totally consists of 25 elementary particles and their antiparticles, which are summarized in Fig. 1.1.
The strong interaction between quarks is described by the Quantum Chromodynamics (QCD), which is a quantum
field theory based on SU(3) gauge symmetry. In analogy to QED, QCD describes the strong interaction with
the exchange of so-called gluons between quarks. However, the properties of the strong force are significantly
different from the electromagnetic force. In contrast, the strength of the strong force does not decrease with
increasing distance. After reaching a limiting distance (size of a hadron), the strong force remains a constant
value, no matter how much the distance between two quarks is. This property is referred to as confinement. As a
result, free quarks will never be observed. However, with a very small distance, quarks have the freedom to move
1
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FIGURE 1.1: The Standard Model of elementary particles, with the three generations of quarks and leptons, gauge
bosons, and the Higgs boson. The picture is from http://en.wikipedia.org/wiki/Standard Model
TABLE 1.1: Properties of the six quarks in the Standard Model. Mass, spin, charge, baryon number B, strangeness
S, charm C, bottom B̃ and top T of each quark are also shown. The values for the corresponding antiquarks are
equal in magnitude, but opposite in sign.
Particle name Symbol Mass (MeV/c2) Spin Q
Quarks B S C B̃ T
Down d 4.8+0.7−0.3 1/2 -1/3 e 1/3 0 0 0 0
Up u 2.3+0.7−0.5 1/2 +2/3 e 1/3 0 0 0 0
Strange s 95±5 1/2 -1/3 e 1/3 -1 0 0 0
Charmed c 1275±25 1/2 +2/3 e 1/3 0 1 0 0
Bottom b 4650±30 1/2 -1/3 e 1/3 0 0 -1 0
Top t 173500±600±800 1/2 +2/3 e 1/3 0 0 0 1
Leptons Le Lµ Lτ
Electron e 0.511 1/2 -1 e 1 0 0
Muon µ 105.66 1/2 -1 e 0 1 0
Tau τ 1776.8 1/2 -1 e 0 0 1
Electron neutrino νe ≈0.0 1/2 0 1 0 0
Muon neutrino νµ <0.19 1/2 0 0 1 0
Tau neutrino ντ <18.2 1/2 0 0 0 1
anywhere. This is called asymptotic freedom. According to QCD, quarks and gluons have 3 additional degree
of freedom namely ”color charge”: red (r), blue (b) and green (g). All particles exist in the nature must be color
singlet states. It means a single quark can never be observed.
Hadrons
Particles involved in strong interaction are called hadrons. One type of hadrons, named baryon, is composed
of three quarks (qqq), like the proton and neutron. Another type is named meson, which is made up of quark
antiquark pairs (qq̄). Hadrons can be classified through different quantum numbers, introduced in the course of
developing the Standard Model, like the isospin and strangeness.
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The mass difference between the proton and the neutron is very small and the strength of strong interaction is the
same between any pairs of nucleons. To account for this symmetry between the proton and the neutron, Werner
Heisenberg introduced the isospin as a new quantum number in 1932 [7]. This is actually a SU(2) symmetry. The
strangeness quantum number was introduced by Gell-Mann and Y. Ne’eman [8] in 1964 to explain the increasing
number of discovered hadronic states. They proposed a classification scheme for hadrons, based on group theory
SU(3), in which hadrons are classified in terms of the third component of the isospin and the hypercharge Y, the
sum of the baryon number B and the strangeness S (Y=B+S).
According to this classification, the baryons with JP = 12
+
are mapped out in an octet (see Fig. 1.2 left) and the
JP = 32
+
baryons are mapped out in a baryons decuplet (see Fig.1.2 right). The pseudoscalar mesons (JP = 0−)
form a nonet (see Fig. 1.3 left). The vector mesons (JP = 1−) in a singlet and an octet are represented by a nonet
as shown in Fig. 1.3 right. This model not only offered a way of classification for the hadrons at that time, but also
predicted new particles. The discovery of the pseudoscalar η in 1961 with all its properties in good agreement
with the prediction by the model provided a first good confirmation. At the time, all the ground states in the baryon
decuplet but Ω− (with a mass of around 1680 MeV) had been discovered. When this Ω−(1680) was discovered in
1964 at Brookhaven [6], it was considered as a confirmation of the SU(3) model.
FIGURE 1.2: Geometrical classification of hadrons invented by Murray Gell-Mann and Yuval Ne’emam. Left:
JP = 12
+
baryons are mapped out in baryons octet. Right: JP = 32
+
baryons are mapped out in baryons decuplet.
(Source: http://en.wikipedia.org/wiki/Baryon)
1.2 Baryon spectroscopy
It remains one of the main goals to get a deeper understanding of the structure of nucleons as well as the hadron
excited states. In analogy to the atomic physics, where one study the structure of a bound sate by its excited spec-
trum, mapping of nucleon excitations is one of the important tools to shed light on strong interactions. Therefore,
the study of excited baryon spectrum is a complement to understanding the structure of the nucleon.
According to the nature of QCD, hadrons behave like structureless particles at low energies. If energy goes up
to medium energies (1-10 GeV), the substructure of hadrons can be explored. At high energies (few hundred
Chapter 1. Introduction 4
FIGURE 1.3: Left: Pseudoscalar mesons (JP = 0−) form a nonet (octet+singlet). Right: Vector mesons (JP = 1−)
form a nonet. (Source: http://en.wikipedia.org/wiki/Quark model)
GeV), quarks and gluons inside the hadrons can be investigated. In this energy region, deep inelastic scattering
experiments provide an easy access to the internal structure of the nucleons. And the nucleon is described as a
bound state of three valence quarks surrounded by numerous quark-antiquark pairs and sea gluons making these
quarks bound together. This well interpretation is obtained in the framework of QCD treated in a perturbative way,
where it is expanded in powers of αs, namely the strong coupling constant, which is very small at high energies.
However, the studies involving excited nucleon should be performed in low and medium energy region (100
MeV-10 GeV), where nucleon resonances can be observed. This energy scale poses a problem in the theoretical
description of baryon resonances. The perturbative treatment of QCD is unavailable in this energy regime because
the strong coupling constant becomes large (αs ≈ 1 at 1 GeV).
Due to the nature of QCD, it is an extremely difficult task to describe hadrons by a non-perturbative treatment.
To overcome this difficulty, simplified solutions for QCD like lattice QCD and effective field theories had been
developed. Lattice QCD is a well-established non-perturbative approach with numerical solutions of QCD on a
grid or lattice of points in space and time. This approach is limited by the available power of computers.
1.2.1 Constituent Quark Model
Because an analytic solution of non-perturbative QCD at low energy is extremely difficult, alternative solutions
are needed. A promising solution is to describe hadron by a simpler system of so-called constituent quarks instead
of quark-gluon soup. Constituent quark model is successful in predicting hadron properties, in which hadrons are
made of constituent quarks only, with no further internal structure. If only three quarks u, d and s are included,
the model is based on a SU(6) spin-flavor symmetry group. And if harmonic potential is assumed, the interactions
between quarks also have a O(3) rotational symmetry. Then this model is a SU(6)⊕O(3) symmetry group theory.
To give an example for the constituent quark model, the proton is made up of two u and one d constituent quarks
only. The mass of constituent quark is much heavier than that of the elementary/bare quark as listed in table 1.1,
because the total mass of the three constituent quarks in a hadron must account for the total hadron mass.
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1.2.2 Missing resonances and exotic hadrons
There are many unsolved problems in hadron physics. The first one is the missing resonances problem. The
number of predicted resonances by most quark models is higher than those observed experimentally. There are a
few explanations to this issue. One possibility of the missing resonances might be that current quark models have
some fundamental flaws and should be corrected. To solve this problem, the Di-quark model was proposed by
Lichtenberg et al. [9], which is based on the assumption that two of the quarks exist in a tightly bound state inside
the nucleon. By reducing the internal effective degree of freedom, this model can reduce the number of missing
resonances. However, direct experimental evidence of the tightly two-quark bound states is still lack. Another
possible explanation is that more resonances might exist but couple very weakly to the probing particles used to
excite nucleons and thus are very difficult to be observed experimentally.
Another interesting issue is the exotic hadrons, which are theoretically allowed by QCD, but the existence of them
is still controversial. One of the exotic hadrons is hybrid hadron, which is formed when one of the gluons inside
the nucleus instead of one of the quarks, is excited. In addition, some other exotic states with different number of
quarks, such as tetra- and penta-quarks are allowed as well. Because there is no significant difference between the
decay channels of such exotic baryons and that of the normal ones, it is not easy to determine the nature of exotic
hadrons. To get a deeper understanding on these questions, more constraints to the quark models should be added
by precise measurements.
1.3 Meson photoproduction
The knowledge of the nucleon resonances can be obtained from experiments, in which the nucleon is excited by
hadronic or electromagnetic probe. These excited nucleon states might decay back into the ground states, accom-
panied by emission of final state particles like mesons. Analyzing the final state particles will yield information
on the structure of the nucleons.
The most common decay mode (> 99%) of baryon resonances is via strong interaction accompanied with emission
of mesons. In Fig. 1.4, some nucleon excited states and their decay channels are shown, where the width of the
arrow is proportional to the strength of the coupling to the corresponding decay channel. According to the nature
of strong decay, the resonances have a very short lifetime and therefore their width are quite broad (of the order
of 100 MeV), which poses a new challenge in experiments. Apart from the ∆(1232), resonances strongly overlap
each other such as P11(1440), the D13(1520) and the S11(1535). Therefore, the excited spectrum alone can not
give an accurate description of individual resonances. Further methods are required to disentangle the overlapping
resonances.
To study the properties of excited nucleons, one needs to produce them at first. Because most prominent decays of
nucleon resonances are through the emission of mesons, the obvious method one can figure out for producing res-
onances is to excite nucleons with mesons like π± and K±. Many measurements based on this idea are performed
all over the world. A large part of the knowledge about nucleon resonances are from such kind of experiments.
Chapter 1. Introduction 6
P11(939)
P11(1440)
D13(1520)
S11(1535)
S11(1650)
D15(1675)
F15(1680)
D13(1700)
P33(1232)
P33(1600)
S31(1620)
D33(1700)
N(I=1/2) ∆ (I=3/2)
η π π
Notation:
L2I2J ; L=0(S),1(P),2(D),...
π η
FIGURE 1.4: Low lying excitation scheme of the nucleon and their typical decays. The left side shows isospin
I = 1/2 N∗ resonances while the right side isospin I = 3/2 ∆ resonances. Figure is from [12].
However, this method has a drawback that resonances, coupling weakly to charged pion or kaon, cannot be pro-
duced with significant statistics, making their investigation impossible. To address this issue, other probes such as
high energy photons have to be considered. Reactions induced with photons are referred to as photoproduction. In
the recent 30 years, meson photoproduction has been a very active field. The process of this reaction is sketched
in Fig. 1.5. In the initial state, a high energy photon, with orbit angular momentum L relative to the target nucleon,
interacts with the nucleon, with spin J = 1/2 and parity P = 1, producing a resonance N∗ with spin JN∗ and parity
P
′
N∗ . The resonance subsequently decays by strong interaction back into the nucleon ground state via emission of
a meson.
There are two major difficulties in extracting the properties of nucleon resonances from meson photoproduction
data. Firstly, it is impractical to perform a ’complete’ experiment that allows the unique determination of the pho-
toproduction amplitude. Secondly, non-resonant background contributions, such as Born terms or vector meson
exchanges, plays a significant role and thus obscure our observation of resonances. Thus, sophisticated models are
needed to link between experimental data and resonances. One expects to use such kind of models to extract the
resonance information in the presence of the background contribution.
To date, many experiments for meson photoproduction have been carried out on free proton and on light/heavy
nuclei. These progresses improved our understanding of the excited nucleons. As an example, the well-known
∆(1232) resonance is investigated via the γN→ ∆→ πN reaction.
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FIGURE 1.5: Meson photoproduction via excitation of nucleons. In this case we use η decay, but it is valid for any
meson photoproduction.
FIGURE 1.6: Total photoabsorbtion cross section and exclusive cross sections for single-meson and multi-meson
productions on free proton[144].
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Fig. 1.6 shows the total photoabsorbtion cross section and exclusive cross section for single-meson and and
multi-meson productions on free proton. In the excited spectrum, it is easy to find the first resonance region that
corresponds to the resonance ∆. It shows that single pion production is dominant in the region of the ∆ resonance.
But in the second resonance region (0.5 GeV ≤ Eγ ≤ 0.9 GeV ), the situation is complicated. This broad resonance
region is contributed by overlapping resonances of P11(1440), D13(1520) and S11(1535). Going to even higher
energies, a third resonance region shows up. The three resonances in the second resonance region decay into
various mesons, such as πN, ηN and ππN. And roughly 50% decays of them are via single pion emission. Thus,
one needs to find a way to disentangle these resonances and understand their individual contributions. Partial wave
analysis proves to be a good method in this analysis, which is used for the single pion data and a good separation of
the three resonances is obtained. Also, the well-understood η photoproduction is characteristic for the S11(1535)
resonance. Above the double pion threshold (Eγ ≈ 400 MeV ), the single pion contribution decreases. Among
the double pion channels, those involving charged pions are dominant as expected in electromagnetic excitation
processes. Good review articles about photoproduction can be found in [10–12]
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1.4 Double neutral pion photoproduction
The channel of the meson photoproduction used in this work is the double neutral pion channel. Compared
to the single pion production, the 2π photoproduction may provide complementary information, particularly on
the resonances that couple weakly to a single pion. Among the three channels of the 2π photoproduciton on the
proton (γ p→ π0π0 p, γ p→ π+π−p, γ p→ π+π0n), the 2π0 channel is the most selective one as many background
contributions are strongly suppressed.
First of all, Born terms contribution to this channel is strongly suppressed because the π0 does not couple to the
photon. Fig. 1.7 shows some possible N-Born terms in the 2π photoproduction and among which only the last
diagram is allowed in the double π0 channel. Fig. 1.8 shows some examples of ∆-Born terms and only the first one
contributes to the double π0 channel. In addition, the ρ0 meson can not directly couple to 2π0 due to the isospin
conservation (see Fig. 1.9). These features will strongly reduce the complexity of the related theoretic models,
making this channel more suited for a clean study of the nucleon resonances.
π π π
π
π π π π
FIGURE 1.7: Possible N-Born terms that contribute to photoproduction of two pions. Only the last one contributes
to the double π0 channel.
π π
Δ
π π
Δ
π π
Δ
FIGURE 1.8: Some examples of ∆-Born terms contributing to double pion photoproduction. Only the first one
contributes to the double π0 channel.
π
π
N *
ρ
FIGURE 1.9: ρ meson decay.
It is widely accepted by a majority of models that the dominant contribution to double pion production is the
sequential decay of resonances. To give an example, Fig. 1.10 left shows the γ p→ D13(1520)→ ∆π0→ pπ0π0
sequential decay, where the excited state D13 decays into an intermediate state ∆ via emitting a first pion, and
then this ∆ decays into the nucleon ground state via emitting a second pion. As for the double π0 channel,
another important process is that the resonance decays directly into two pions, where the two final state pions
are correlated in a relative s-wave. Such a correlated pion pair is sometimes seen as a very broad particle, the σ
meson[15]. Among the allowed resonances in the second resonance region, the only one that can lead to such
kind of process is γ p→ P11(1440)→ p(π0π0)I=0S reaction (see Fig. 1.10 right). Some other diagrams can also
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contribute to the double π0 channel. The number of diagrams and the weight of contribution of each diagram vary
in different models, which will be described later.
ΔD13(1520)
π 0 π 0 π
0
π 0
P11(1440)
FIGURE 1.10: Left: sequential decay of the D13(1520) resonance state. Right: Direct decay of the P11(1440) into
two π0, which are correlated in a relative s-wave.
1.4.1 Previous experiments
On the experimental side, the progresses made in accelerator and detector technology during the last three decades
have lead to considerably achievements of the investigation of nucleon resonances with various probes [13]. To
date, many important datasets for observables related to meson photoproduction have been obtained by using the
new generations of electron accelerators all over the world equipped with tagged photon facilities and state-of-the-
art detectors. Here we list some important experiments which provide important data for a good understanding of
the double π0 channel.
In 1995, the first total cross section of the 2π0 photoproduction on the proton was measured up to Eγ ∼ 800 MeV with
the large acceptance hadronic detector DAPHNE at MAMI [21]. The Saclay [85] model and the Valencia [86]
model were used to interpret the data. The Saclay model predicted a dominance of the P11(1440)→ p(π0π0)I=0S
process while the Valencia model assumed the D13(1520)→ ∆π0 → pπ0π0 is the dominant contribution. Both
models provided an acceptable description of the cross section.
In 1997, new cross section data and the invariant mass distributions of π0π0 and π0 p from the first TAPS [22]
measurement at MAMI for the double π0 production at photon energies from threshold to 792 MeV was reported.
Dalitz plots indicated that the underlying mechanism of this channel involves the ∆(1232) resonance which is an
intermediate state of the subsequent decay chain.
In 2000, more precise total cross section data as well as Dalitz plots of m2(π0,π0) versus m2(p,π0) at seven energy
bins was for the first time measured at MAMI [23] for photon energies between threshold and 820 MeV. Their
results showed a strong contribution of a sequential decay with the ∆(1232) resonance as an intermediate state. A
comparison to model predictions indicated this decay chain presumably originates from the D13(1520) and also
the P11(1440) resonance has a contribution. And the Dalitz plots were much better in agreement with the Valencia
model calculations, confirming the dominant contribution of D13(1520) decay.
In 2003, new data measured at GRAAL [75] (Grenoble Anneau Accelerateur Laser) extended the cross section
results up to Eγ = 1.5 GeV and provided invariant mass spectra and beam asymmetry observables which strongly
constrain the theoretical models. A new peak was found in the pπ0 mass spectra for the first time.
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In 2008, the resonances in the second and third resonance regions decaying into Nπ0π0 were investigated by
double neutral pion photoproduction on the proton [92]. Partial decay widths of N∗ and ∆∗ resonances into
∆(1232)π , N(ππ)S, N(1440)P11π , and N(1520)D13π were determined in a partial wave analysis of this data and
of data from other reactions.
In 2012, the γ p→ π0π0 p reaction was measured from threshold to 1.4 GeV using the Crystal Ball and TAPS
photon spectrometers together at MAMI. More precise total and differential cross sections as well as specific
angular distributions were obtained, which were used to extract partial-wave amplitudes. In particular, the energy
region below the D13(1520) resonance was studied.
More observables like polarization observables are highly desired to shed more light on this channel. Recently,
such kind of experiments are ongoing in many facilities.
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1.5 Major experimental facilities
Photon beams are generated by two different techniques[10]: bremsstrahlung and Compton backscattering. Fig.
1.11 sketches the principles of these two different techniques. In the first case, bremsstrahlung photons are pro-
duced in the process of electrons scattering by colliding electron beam with a radiator, which is usually a thin metal
foil. The bremsstrahlung photon beam has a typical 1/Eγ spectral distribution. In the second case, photons from a
laser are scattered from circulating electrons in a storage ring. This technique has an advantage that polarization
degrees of freedom are transferred from the laser photons to the Compton backscattered photons. However, it
has a drawback that beam intensity is limited because high intensity laser beam reduces the lifetime of the stored
electron beam.
Laser-electron photon
laser  (eV)
electron beam
recoil e-
Laser backscattering
Bremsstrahlung photon
tagging system
tagging system
electron beam
scattered e-
radiator GeV-γ beam
FIGURE 1.11: Schematic illustration of tagged photon facilities by using bremsstrahlung photons (upper) and
Compton backscattered laser photons (lower).
During recent years, an extensive dataset of observables in photo- and electro-induced reactions of light-meson
has been accumulated at facilities worldwide [14] such as Jefferson Laboratory (JLab), the ELectron Stretcher
Accelerator (ELSA), the Mainz Microtron (MAMI), the Grenoble Anneau Accelerateur Laser (GRAAL), 8 GeV
Super Photon Ring (SPring-8) and Research Center for Electron Photon Science (ELPH). This worldwide dataset
contains cross section data and polarization observables for a large variety of final states, such πN, ηN, ωN, ππN,
KΛ, KΣ, etc. Compared to the earlier spectrum results obtained from π- and K-induced reactions, the photo- and
electro-induced reactions dataset provides complementary information. Due to the lack of experimental data and
the broad and overlapping nature of light-flavour baryon resonances, our understanding of the excited nucleon
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spectrum has been obscured for a long time. Therefore, these recent experiments provide a very important access
to the unambiguous extraction of the scattering amplitude in these reactions, which will allow us to identify
individual resonance contributions.
The continuous electron beam accelerator facility (CEBAF) at the Department of Energy’s Thomas Jefferson
National Accelerator Facility (Jlab) can provide electron and photon beams with energies up to 6 GeV, which can
be separated and delivered to three different experimental areas, Halls A, B, and C. In Hall B, the CEBAF Large
Acceptance Spectrometer (CLAS) is used to study electro- and photon-induced reactions. The CLAS is based
on a six-coil toroidal magnet with angle coverages of 8◦ ≤ θ ≤ 140◦ and 8◦ ≤ θ ≤ 45◦ for charged particles and
photon, respectively. Trajectory of charged particles are reconstructed using drift chambers with a momentum
resolution of ∆p/p ≈ 1%. A detailed description of CLAS is given in [24]. Experimental results from CLAS
group of electroproduction can be found in [25]-[38] and those of photoproduction are given in [39]-[50].
Several photo-induced reactions had been measured with tagged photons provided by the Electron Stretcher and
Accelerator (ELSA) at the university of Bonn in Germany. The original experiment was based on the Crystal
Barrel (CB) calorimeter [51] composed of 1380 CsI(Tl) crystals covering 97.8% of 4π , which was moved from
LEAR CERN to Bonn in 1997. Detection of charged-particle and trigger generation were done by a three layer
scintillating fibre detector surrounding the 5 cm long liquid hydrogen target (for details see [52]). In 2002/2003,
the experimental setup was upgraded. The modified CB was composed of 1280 CsI(Tl) crystals with a thickness
of 16 XR and polar angle coverage of 30◦ ≤ θ ≤ 168◦. The forward direction was covered by the BaF2 TAPS
detector [53], which consisted of 528 hexagonal BaF2 crystals with a length of approximately 12 XR. It had a
polar angle coverage of 5◦ ≤ θ ≤ 30◦. The CB combined with the TAPS had a coverage of almost full 4π solid
angle. Both CB and TAPS had a full azimuthal angle coverage. Forward-going protons were detected by plastic
scintillators (5 mm thick) located in front of each TAPS module; the other protons were detected by the three-layer
scintillating fibre detector. Relevant results on measurements off the proton can be found in [54]-[63] and off the
neutron in [64–66].
At LEPS (Laser Electron Photons at SPring-8 in Japan), the photon beam was produced by backward Compton
scattering of laser photons off electrons with energy of 8 GeV. Charged particles were detected by the LEPS
spectrometer consisting of a wide-gap dipole magnet, an array of scintillator bars 4 m downstream of target and
scintillators just behind the target. Electron-positron pairs are vetoed by an aerogel Cherenkov detector. The
LEPS spectrometer had an angular coverage of about ±20◦ and ±10◦ in the horizontal and vertical directions.
Related results are reported in [67–69]. Since 2010, the LEPS group started to construct a new laser Compton
backscattering beamline (LEPS2), for the sake of achieving one order of magnitude higher intensity of photon
beam and larger acceptance of spectrometer compared with the LEPS experiments. In 2013, they successfully
obtained the first photon beam with intensity of∼7 MHz for 0≤ Eγ ≤ 2.4GeV . The LEPS2 spectrometer is mainly
composed of a large acceptance electromagnetic calorimeter BGOegg and a forward detector setup. The BGOegg
calorimeter was assembled at Research Center for Electron Photon Science (ELPH), Tohoku University, and was
later moved to SPring-8 in December 2012. The BGOegg is configured as an egg-shaped detector and is composed
of 1320 BGO crystals with a full azimuthal angular coverage and a polar angular coverage of 24◦ ≤ θ ≤ 144◦. Its
energy and position resolutions are ∆E/E = 1.3% at 1 GeV and 3.1 mm, respectively. Each crystal with the shape
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of a truncated square pyramid has the longitudinal length of ∼220 mm, corresponding to 20 radiation length.
Charged particles will be detected by a cylindrical drift chamber and plastic scintillators inside the BGOegg.
Detailed descriptions can be found in [70].
The GRALL facility was located at the European Synchrotron Radiation Facility (ESRF) in Grenoble, France.
The tagged and polarized photon beam was produced by Compton scattering of laser photons off the 6 GeV
electrons circulating in the storage ring. The energy of generated photon with a maximal energy of 1.5 GeV was
determined by an internal tagging system consisting of 128 silicon microstrips with a pitch of 300 µm. Photons
from neutral meson decays were detected by a BGO calorimeter composed of 480 BGO crystals. Photons in
the forward direction can be detected in a lead-scintillator sandwich time-of-flight wall. Charged particles were
identified by dE/dx and time-of-flight measurement. The details were described elsewhere [71]. Recent results on
cross section measurements were published for pπ0 [71], nη [72, 73], pω [74], pπ0π0 [75] and nπ0π0 [76]. The
beam asymmetries measurements were reported in [71, 74–83].
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1.6 Theoretical models for the double pion photoproduction
To explain the existing experimental data for photoproduction, many models were developed. Although varying
in structure from one model to another, they are mainly based on the principle that was introduced by Lüke and
Söding [84] in 1971 when they developed an isobar model for the interpretation of the data on γ p→ π+π−p
bubble chamber experiments. In the relevant models, an effective Lagrangian density is constructed based on a
set of tree diagrams (Feynman diagrams without internal loops), which include resonant processes, N and ∆-Born
terms and other background processes. The feature of a model is characterized by what kind of processes are
considered as the dominant contributions to the reaction. Only a small difference in the choice of diagrams can
lead to dramatically different predictions. At that time, Lüke and Söding made only 5 diagrams involved in their
model, while the recent models contain up to 25 diagrams. The four main models are outlined as follows, which
are used widely in the understanding of the underlying mechanism of the double pion photoproduction.
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The model also included some background∆ -Born terms. Altogether, 12 dia-
grams have been used and are shown in fig. 2.7.
Figure 2.7:Feynman diagrams used in [Mur96]. For the doubleπ0 reaction, only
diagrams Ic, Id, II, III and VI contribute.
The main feature of this model was the strong contribution ofthe P 11(1440)→
p(π0π0)I=0S decay. This process was responsible for more that 75% of the total
doubleπ0 cross section. This model predicted theγp → pπ0π0 and γp → π+ π− p
cross sections with a reasonable accuracy but failed to reproduce theγp → nπ+ π0
one. More important, the domination of the P11 direct decay into twoπ
0 was
in contradiction withπ0 π0 invariant mass measurements performed later. This
ruled out this model as a correct description for this doublepion channels. Still,
a recent article [Aja07] used this article to reproduce new GRAAL results for the
γn → π0π0n reaction with a reasonable accuracy.
FIGURE 1.12: Fe man diagr ms used in the Saclay model [85], whe e only diagrams Ic, Id, II, III and VI con-
tribute to the double π0 reaction channel.
1.6.1 Saclay model
In the early 1990s, the measurements of the γ p→ π0π0 p and γ p→ π+π0 p reactions became available with the
DAPHNE detector at MAMI B. In order to theoretically describe the data on these two isospin channels, Saclay and
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Valencia models were developed based on the previous work of Lüke and Söding. Saclay model was developed
by L. Y. Murphy and J. M. Laget [85], in which contributions from the P11(1440), D13(1535) and D33(1700)
resonances were taken into account. For the double π0 channel, the process of P11(1440)→ p(π0π0)I=0S decay
has a strong contribution, which accounts for more than 75% of it’s total cross section. This model provided an
acceptable descriptions of the γ p→ π0π0 p and γ p→ π+π−p cross sections, but failed to reproduce that of the
γ p→ π+π0n channel. And the assumption of the domination of the P11 direct decay into two π0 was unsupported
by π0π0 invariant mass data measured later. This discrepancy between the data and the model prediction indicated
that this model cannot give a correct description for the double pion channels. The Feynman diagrams used in this
model are shown in Fig. 1.12.
1.6.2 Valencia model
The first version of the Valencia model based on effective Lagrangian approach was reported by J. A. Gómez
Tejedor and E. Oset[86] in 1994, which was developed to describe the γ p→ π+π−p reaction. In 1996, a second
version of this model with a slightly modification was published in [87], which included 20 diagrams with con-
tributions from the P11(1440) and D13(1520) resonances as well as N and ∆-Born and ρ background terms. The
Valencia model competed with the Saclay model at that time. Both models provided an acceptable interpretation
of the γ p→ π0π0 p and γ p→ π+π−p reactions but failed to describe the γ p→ π+π0n channel. Unlike the Saclay
model, the Valencia model assumed that the main contribution was due to the D13(1520)→ ∆π → Nππ sequen-
tial decay. This assumption was later confirmed by the analysis of the ππ and π p invariant mass spectra. This
model was improved in 2001 by including the contributions from the ρ decay of the D13(1520) and D33(1700)
resonances, which can give a better description of the γ p→ π+π0n channel [89]. The improvement associated
with the process of ρ decay of the D13(1520) resonance was based on the work of [88], in which this process was
shown to play a crucial role in the γ p→ π+π0n channel. The Feynman diagrams used in the latest version of
this model are shown in Fig. 1.13. Recently, this model was extended in order to describe the existing data for
polarization observables of double pion channel.
1.6.3 Mainz model
Mainz model was developed by A. Fix and H. Ahrenhöval in 2005 within the so called Mainz MAID model [90].
This model is very similar to the Valencia model except for some details. The first difference is that it included
more higher lying resonances: S11(1535), D31(1620), D15(1570), F15(1680) and P13(1770). The second one is a
different spin structure of the D13→ π∆ transition. Those higher lying resonances are thought to play a small role
in the second resonance region. These differences lead to a roughly 20% difference in the total cross sections. The
Feynman diagrams used to build the model are shown in Fig. 1.14. This model still could not reproduce the total
cross sections very accurately.
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FIGURE 1.13: Feynman diagrams used in the latest version of the Valencia model [91] for γN→ ππN. In the case
of double π0 reaction, only diagrams e-h, k-m, o-r and u contribute.
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FIGURE 1.14: Feynman diagrams used in the Mainz model. In the case of double π0 reaction, only 3, 12-18 and
20 contribute.
1.6.4 Hiroshima model
In 1997, K. Ochi, M. Hirta and T. Takaki proposed the first version of the Hiroshima model [88], which was simper
than the models mentioned above. In this model, a dynamical approach was used in which vertex functions are
created and modified by form factors of relevant intermediate mesons and resonances. This model indicated for
the first time the importance of the D13 → ρN decay and the ρ-Kroll-Rudermann term. This model firstly gave
a reasonable description of the γ p→ nπ+π0 cross section but failed to describe the γ p→ pπ0π0 reaction. The
Feynman diagrams used in this model are shown in Fig. 1.15.
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FIGURE 1.15: Feynman diagrams used in the Hiroshima model for γN→ ππN.
1.6.5 In the case of the double π0 channel
The above mentioned four models can be used to interpret all three isospin channels of the 2π photoproduciton on
the proton (γ p→ π0π0 p, γ p→ π+π−p, γ p→ π+π0n). As for the double π0 channel, many background processes
like Born terms and ρ decay are strongly reduced. Therefore, this channel is the favorite one compared to other
two channels. The double π0 channel provides a cleaner tool to study the second and third resonance regions. To
give an example, in the Mainz model (see Fig. 1.14), only the diagrams 3, 12-18 and 20 contribute to the double
π0 channel, which will make the theoretic interpretation for this channel easier.
The predictions of these models are still controversial. The Saclay model predicted a dominance of the P11(1440)→
p(π0π0)I=0S process in the double π
0 production while the Valencia model assumed the D13(1520)→ ∆π0 →
pπ0π0 is the dominant contribution. All these models can give an acceptable description of the total cross section
of the double π0 channel. However, they fail to provide a good interpretation of the differential cross section.
Although studied for a long time, the double π0 channel is still not well understood. More studies are needed to
improve this issue.
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So far, it is widely accepted that the dominant contribution to the double π0 channel at the second resonance
region is due to the D13(1520)→ ∆π0→ pπ0π0 sequential decay. In addition, the contribution of P11(1440)→
p(π0π0)I=0S decay is not negligible. Fig. 1.16 shows the dominant ∆ sequential decay contribution to this channel
as well as the P11(1440)→ p(π0π0)I=0S decay.
ΔD13(1520)
π 0 π 0 π
0
π 0
P11(1440)
FIGURE 1.16: Left: Sequential decay of the D13(1520) resonance state. Right: Direct decay of the P11(1440) into
two π0, which are correlated in a relative s-wave.
In the third resonance region, the Mainz model predicted the dominant contribution to the double π0 channel is
F15(1680)→ ∆π0 decay. Dalitz plots from recent experimental data confirmed that the ∆ sequential decay is still
a dominant process in the third resonance region.
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1.7 Bose Einstein correlations
In the last sections, we describe how to use meson photoproduction to get insight on the structure of the nucleons.
The double neutral pion channel is adopted in this work to shed more light on the excited nucleons. And we also
explain the advantages of applying this channel for this study. Another important feature of the 2π0 channel is that
two identical π0 are produced. It is well known that two identical bosons should obey Bose-Einstein (symmetric)
statistics. Therefore, the study of the two neutral pions’ statistics may provide useful information on the excited
nucleons.
In this section, a detailed description of the Bose-Einstein correlations between two neutral pions is given, which
is used to study the space-time properties of the excited nucleons.
The Bose-Einstein (BE) effect was used for the first time in the 1950s by Hanbury-Brown and Twiss [148–150]
in astronomy to measure the angular diameter of photon emitting source, i.e. the size of particular star and other
astronomical objects. Therefore, BE effect is also called the Hanbury-Brown-Twiss (HBT) effect. The principle
of this effect is quite simple. For two identical bosons emitted from a source, their wave-function should be
symmetric with respect to the exchange of two bosons because they should obey the Bose-Einstein statistics.
This symmetrization leads to an enhanced probability of emission if the two bosons have similar momenta. The
enhancement is related to the space-time dimensions of the source. Therefore, experimentally observing BE
correlations (BEC) of two identical bosons allow us to learn about the space-time properties of the emitter.
source
Detector 1
Detector 2x2
x1 d1
d2
π 0 (p1)
π 0 (p2 )
π 0 (p1)
π 0 (p2 )
FIGURE 1.17: Schematic illustration of Bose-Einstein Correlations between two identical particles. These two
particles are emitted from points x1 and x2 in a source. They are detected at two separate positions d1 and d2 with
momenta p1 and p2, respectively. Two possible trajectories (full and dashed lines) cannot be distinguished. In
the hadron physics sector, the distance between the emission points is of the order of a femtometre. The distance
between the detector and the particles emission source is of the order of a meter.
In the field of nuclear physics, many bosons like pion and kaon are produced during particle collison. One can
get the size information about the reaction region via BEC effects in a similar way as in astronomy [156]. Bose-
Einstein effect was observed for the first time by Goldhaber et al. [153] in the hadron physics sector. It was
found that like sign pion pairs are more likely produced at small relative angles than unlike sign paris. A possible
explanation for this effect was given in 1960 by Goldhaber, Goldhaber, Lee and Pais (GGLP) [154]. They explicitly
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introduced symmetric wave functions for like sign particles in the statistical model. This symmetrized model gave
a much better description of the data.
1.7.1 Bose-Einstein correlations of two bosons
I here present the formalism of two-particle Bose-Einstein correlations necessary in this thesis. The deriving the
main expressions is based upon the work in [152]. Suppose identical bosons are produced in a source with a
space-time dependent wave-function f (x), where x is the emitting position in the source. If simple plane-wave
function of the bosons propagation is taken, the total wave-function for detecting a boson with energy-momentum
p1 at a distance d1 is then given by
ψ(p1) =
∫
dxieip1(d1−xi) f (xi). (1.1)
Similarly, the wave-function for detecting two identical bosons with four-momenta p1 and p2 at distances d1 and
d2, respectively, is given by
ψ(p1, p2) =
∫
dxieip1(d1−xi) f (xi)
∫
dx jeip2(d2−x j) f (x j). (1.2)
One can easily find that Eq.(1.2) is symmetric with respect to the exchange of the two particles, i.e. it is BE
symmetric. And the wave function is an integral over the space-time volume of the source.
In order for studying the BEC effects, one defines the normalized two-particle correlation function C2(p1, p2):
C2(p1, p2) =
P(p1, p2)
P(p1)P(p2)
=
(ψ(p1)ψ(p2))(ψ∗(p2)ψ∗(p1))
(ψ(p1)ψ∗(p1))(ψ(p2)ψ∗(p2))
, (1.3)
where P(p1, p2) is the two particle probability and P(pi) (i=1,2) is the single particle probability.
The chaotic limit
At this point, we should introduce the basic assumption into the BEC effect, which is referred to as the chaotic
limit or the total incoherence limit. It is assumed that the phases of the production amplitudes fluctuate widely for
each point in space. In this limit, total contribution of random phases at the emission points are canceled out and
thus the probability to observe two particles with energy-momentum p1 and p2
P(p1, p2) =
∫∫∫∫
dxidx jdxkdxl〈 f (xi) f (x j) f ∗(xk) f ∗(xl)e−ip1(xi−xk)e−ip2(x j−xl)eip1(d1−d1)+ip2(d2−d2)〉
=
∫∫∫∫
dxidx jdxkdxl〈 f (xi) f (x j) f ∗(xk) f ∗(xl)e−ip1(xi−xk)e−ip2(x j−xl)〉
(1.4)
only gets contributions from two cases: xi = xk, x j = xl and xi = xl , x j = xk, reducing it to
P(p1, p2) =
∫∫
dxidx j| f (xi)|2| f (x j)|2(1+ ei(p2−p1)(xi−x j)). (1.5)
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The one-particle probability is given in the same limit
P(p1) =
∫
dxidxk〈 f (xi) f ∗(xk)e−ip1xieip1xk〉=
∫
dxi| f (xi)|2. (1.6)
Given the normalized production density of the source ρ(x) and its Fourier transform ρ̃(p)
ρ(x) =
| f (x)|2∫
dx| f (x)|2 , (1.7)
ρ̃(p) =
∫
dxρ(x)e−ipx, (1.8)
the normalized two-particle correlation function gets the form
C2 = 1+ ρ̃(∆p)2 (1.9)
where ∆p = p2− p1 represents the relative momentum of two identical bosons. C2 gets the value of 2 when
∆p = 0.
Generally ∆p is represented by the Lorentz invariant parameter Q, which is defined as
Q2 =−(p1− p2)2 = M2−4µ2, (1.10)
where M is the invariant mass of the two identical bosons of mass µ . The C2 then can be written as
C2(Q) = 1+ ρ̃(Q)2. (1.11)
If we simply assume that the source has a shape of sphere with a Gaussian density distribution. It can be described
by a radius parameter r0
ρ(x) = ρ(0)e−x
2/2r20 . (1.12)
Correspondingly, the two-particle correlation function C2(Q) gets the form
C2(Q) = 1+ e−Q
2r20 . (1.13)
Introduction of chaoticity parameter λ2
In order to accommodate those cases where the source is not completely chaotic, one introduces a chaoticity
parameter λ2 [155] into the correlation function:
C2(Q) = 1+λ2e−Q
2r20 . (1.14)
λ2 is a measure of the fraction of effectively interfering boson paris (or the degree of being chaotic for particle
production). Some experimental factors are also embedded in the parameter λ2. For instance, particle pairs
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can be experimentally misidentified as identical (non-identical bosons are expected not to interfere). Also, the
experimental resolution may be not good enough to measure small relative momentum. The nature of the source
may have a reason to that the value of λ2 is different from one. For example, some bosons from the decays of long
lived resonances, do not interfere.
The coherent case
For a comparison, let’s take a look at the complete coherent situation. In this case, the phases between different
production amplitudes are well defined. Denote φi and fi as the phase and amplitude at the production point xi
respectively, one-particle probability is given by
P(p1) =
∫
dxidxk f (xi) f ∗(xk)e−ip1xie−ip1xk =
∫
dxidxkei(φi−φk) fi fke−ip1xie−ip1xk . (1.15)
And the two-particle probability takes the form
P(p1, p2) =
∫
dxidx jdxkdxle−i(φi+φ j−φk−φl) fi f j fk fle−ip1(xi−xk)e−ip2(x j−xl) = P(p1)P(p2). (1.16)
Then the C2 is definitely equal to 1. At this point it should be clear that chaotic emission of bosons is needed to
give rise to the BE effects, i.e. only emission of identical bosons is not sufficient to have BE correlations.
The Kopylov-Podgoretskii parametrization
A different parameterization of correlation function is proposed by Kopylov and Podgoretskii (KP) [164–166]. In
their model, particles are emitted from the surface of a spherical reaction volume of radius rKP and lifetime τ .
With this assumption, they get the two-particle correlation function as
C2(qt ,q0) = 1+λ (
2J1(qtrKP)
qtrKP
)2
1
1+(q0τ)2
, (1.17)
where J1 is the first-order Bessel function, q0 is the pair energy difference and qt is the pair three-momentum
difference transverse to the momentum sum. In this parameterization, temporal and spatial properties of the
source are separated, and the correlation function is not Lorentz invariant. Related variables should be calculated
in the centre-of-mass system (CMS).
1.7.2 BEC in two and three dimensions
In the above discussion, we use the very simple assumption that the shape of the emitting volume is spherical
and its production density distribution is a Gaussian density distribution. However, the exact shape of the emitter
might not be a sphere[179]. In [146, 147, 151], they proposed a method of exploring the possibility of non-sphere
particle emission region. For this purpose, the BEC analysis should be done in the longitudinal center-of-mass
system (LCMS), as shown in Fig. 1.18.
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FIGURE 1.18: The longitudinal center-of-mass system (LCMS) ( picture from [178]).
In the LCMS coordinate system, the sum of the three-momenta p1 + p2 of two bosons, defined as the out-axis,
is perpendicular to the direction of the thrust/jet for multi-hadron event, which is referred to as the z−axis (long-
axis). The two-boson momentum difference Q is then resolved into three components: Qz, Qout and Qside. Here,
the Qz ≡ Q‖ is the longitudinal component, which is parallel to the thrust axis, the Qout is collinear with the
momenta sum, and the third one Qside is perpendicular to both Qz and Qout . The total Q2 is given by
Q2 = Q2z +Q
2
side +Q
2
out(1−β 2), (1.18)
where β = (p1,out + p2,out)/(E1 +E2) and the indices 1 and 2 represent the first and second particles. Because
p1,z =−p2,z, we get the relation
Qz = Q‖ = p1,z− p2,z = 2p1,z = 2pz. (1.19)
The three-dimensional correlation function is given by
C2(Qz,Qside,Qout) = 1+λ2e−r
2
z Q
2
z−r2sideQ2side−r2out Q2out . (1.20)
Sometimes one might encounter difficulties of insufficient statistics, a good solution to this problem is to reduce
the number of parameters in equation (1.20). For this purpose, one defines the transverse component rT in the
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LCMS as
r2T = r
2
side + r
2
out . (1.21)
Accordingly, we have
Q2T = Q
2
side +Q
2
out . (1.22)
The correlation function is thus given by
C2(Qz,QT ) = 1+λ2e−(r
2
z Q
2
z+r
2
T Q
2
T ). (1.23)
where rz is the longitudinal geometrical radius. rT also contains the information about the emission time difference.
The LCMS coordinate system also provides a good framework to study another meaningful variable, the average
transverse mass mT of the two identical hadrons. mT is defined as
mT =
m1,T +m2,T
2
=
√
m21 + p
2
1,T +
√
m22 + p
2
2,T
2
. (1.24)
Here, the indices 1 and 2 refer to the first and second hadron.
1.7.3 Experimental procedure and difficulties
The BEC effect is observed in terms of the correlation function, which is measured by comparing the Q dependent
event density of the data to that of a reference sample. The spatial parameter r0 and the chaoticity parameter λ2 are
extracted by fitting the equation (1.14) to the correlation function. Although the basic principle of Bose-Einstein
correlations is simple, a reliable experimental measurement is not easy.
A big challenge of BEC analysis is selecting well-suited data sample. Several mechanisms might lead to corre-
lations [169], which may distort the BEC observation. Conservation laws, like energy-momentum and quantum
numbers, introduce constraints between produced particles. Also, the BEC analysis is influenced by the inter-
actions between final state particles, which is referred to as final state interaction (FSI). Strong interactions, one
of the FSI, might have a big effect on BEC study. For charged particles, Coulomb interactions always influence
particle distribution. Therefore, a wise way to do BEC analysis is to choose a data sample where correlations
caused by resonances and conservation laws have minor influence.
Another challenge of BEC analysis is how to choose a reliable reference sample, a yardstick, compared to which,
the correlation function is measured. As defined in equation (1.3), the terms P(p1)P(p2) is the reference sample.
In the ideal case, a valid reference sample should be identical to the data sample in all aspects, like resonances,
kinematic constraints, etc., but free from Bose-Einstein effects. But such an ideal reference sample is unfortunately
difficult to be obtained. There are many methods used to make a reference sample. These methods are mainly
grouped into two categories. The first one makes reference samples from the data sample themselves. The second
method uses Monte Carlo generated samples (a good review can be found in [179]).
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As for the first method, it depends on certain reactions. In most cases, identical charged pion-pairs (π±π±) are
used for BEC analysis. A simple reference sample of it is oppositely charged pion-pairs (π±π∓) sample. However,
this choice has a drawback that the π±π∓ may be from resonances, among which the most dominant one is the
ρ(770). To avoid this resonance effect, the fitting region for the correlation function is only limited to the Q
region where the data is free of resonances. Another frequently adopted reference sample is the ’mixed-event’
sample, which is constructed by taking two identical bosons from different events. This method is capable to
delete BEC effects from data sample. However, it eliminates all other kinds of correlations, like those due to
kinematic conservation laws. Some additional appropriate kinematic cuts need to preserve these correlations not
arising from BEC. In addition, this event mixing technique may work well at low energies, where the particles
are produced approximately isotropically. However, at higher energies where the particles emerge in hadron-jets.
Then, only two events with thrust (sphericity) axes lying very close to each other can be mixed [179].
Monte Carlo generated reference samples are used at high energies. Two frequently used Monte Carlo programs
of the hadron production are HERWIG and JETSET. However, these hadronization models are still lack of a good
description of Bose-Einstein effects. A detailed description of these models are beyond the scope this thesis. A
good review can be found in [179].
1.7.4 Previous experimental results
The first BEC measurement for charged pions, which was done by Goldhaber et al. [153], triggered a variety of
relevant studies. Many BEC results are from the π±π± data in a wide range of reactions and at a large variety
of center of mass energies. The reactions used in the BEC analysis are mainly proton-(anti-)proton, hadron-
hadron, e+e− and heavy ion collisions [180, 181]. It is actually surprising that correlations are found in e+e−
annihilation, which was thought to have a highly coherent source and thus no correlations were expected [182].
A compilation, taken from [179], of the one-dimensional BEC results from proton-(anti-)proton, hadron-hadron
and e+e− reactions is given in table 1.2. These studies show that the values of spatial parameter r0 are less than 1
fm and no r0 dependence on the centre of mass energy is found [179]. A compilation (from [179]) of the spatial
dimension, rrms, obtained from the BEC analysis for two identical charged pions produced in nucleus-nucleus
collisions, is given in table 1.3. In Fig. 1.19, the dimension parameter rrms is shown as a function of A1/3. A
function rrms = 1.2×A1/3 f m gives a good description of the plot of rrms versus A1/3, indicating that the nucleus
radius dependents on its atomic number A.
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TABLE 1.2: The two-pion emitter dimension r0 and the chaoticity parameter λ2 obtained from BEC analysis for a
variety of hadron reactions. The data marked with a superscribe a indicates the choice of the reference sample is
the π+π− data sample, while b means the reference samples are either Monte Carlo generated events or a sample
constructed by the event mixing technique.
System Reaction Ecm(GeV ) r0( f m) λ2
π±π± e+e−→ h [184] 29 0.75±0.05a 0.28±0.04a
0.97±0.11b 0.27±0.04b
π±π± e+e−→ h [185] 29 0.65±0.06b 0.50±0.04b
π±π± e+e−→ h [186] 34 0.82±0.07a 0.35±0.03a
π±π± e+e−→ h [187] 58 0.73±0.21a 0.47±0.07a
0.58±0.06b 0.39±0.05b
π±π± e+e−→ h [188] 91 0.82±0.04a 0.48±0.03a
0.52±0.02b 0.30±0.01b
π±π± e+e−→ h [189] 91 0.83±0.03a 0.31±0.02a
0.47±0.03b 0.24±0.02b
π±π± e+e−→ h [190] 91 0.46±0.02b 0.29±0.03b
π±π± e+e−→ h [183] 91 0.96±0.02a 0.67±0.03a
0.79±0.02b 0.58±0.01b
π±π± γγ → h [184] 5 1.05±0.08 1.20±0.13
π±π± γγ → 6π± [193] 1.6-7.5 0.54±0.22 0.59±0.20
π±π± ν(ν̄)N→ h [194] 8-64 0.64±0.16 0.46±0.16
π±π± µ p→ h [195] 23 0.65±0.03 0.80±0.07
π±π± π+p→ h [196] 21.7 0.83±0.06 0.33±0.02
π±π± pp→ h [197] 26 1.02±0.20 0.32±0.08
π±π± pp→ h [198] 27.4 1.20±0.03 0.44±0.01
π±π± pp→ h [199] 63 0.82±0.05 0.40±0.03
π±π± p̄p→ h [200] 1.88 1.04±0.01 1.96±0.03
π±π± p̄p→ h [201] 200-900 0.73±0.03 0.25±0.02
π±π± ep→ eh [202] 2.45 < Qγ < 10 0.68±0.06 0.52±0.20
π±π± ep→ eh [203] 10.5 < Qγ 0.67±0.04 0.43±0.09
π0π0 e+e−→ h [190, 191] 91 0.31±0.10b 0.16±0.09b
π0π0 e+e−→ h [192] 91 0.59±0.11b 0.55±0.15b
k±k± ep→ eh [204] Ee : 27.5;Ep : 820 0.37±0.07+0.09−0.08 0.57±0.09+0.15−0.08
k0Sk
0
S ep→ eh [204] Ee : 27.5;Ep : 820 0.70±0.19+0.28+0.38−0.08−0.52 0.63±0.09+0.07+0.09−0.08−0.02
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TABLE 1.3: The two-pion emitting source dimension Rrms for different projectile-target combinations, obtained in
heavy-ion collisions. The data marked with an asterisk were biased towards central collisions beyond the biasing
occurs due to the spectrometer’s acceptance.
BE System Projectile Target E(GeV/nucleon) Rrms( f m) Ref.
π±π± p H 200 1.66±0.04 [206]
π±π± p Xe 200 1.53±0.13 [206]
π±π± p Xe 200 1.45±0.11 [206]∗
π±π± d Ta 3.4 2.20±0.50 [207]
π±π± He Ta 3.4 2.90±0.40 [207]
π−π− C C 4.2 2.75±0.73 [208]
π−π− C C 4.2 3.76±0.88 [208]∗
π±π± C Ta 3.4 3.40±0.30 [207]
π+π+ Ar KCl 1.8 4.10±0.4 [211]
π−π− Ar KCl 1.8 2.77+0.6−0.9 [211]
π−π− Ne NaF 1.8 2.80±0.30 [211]
π−π− Ar KCl 1.5 4.91±0.50 [213]
π−π− Ar KCl 1.2 3.8±0.50 [210]∗
π−π− Ar BaI2 1.8 3.05±1.10 [209]
π−π− Ar Pb3O4 1.8 3.30±0.93 [209]
π−π− Ar Pb3O4 1.8 3.98±0.78 [209]∗
π−π− Ar KCl 1.8 2.3±0.6 [205]
π−π− Fe Fe 1.7 2.5±0.6 [205]
π±π± Kr RbBr 1.2 6.61±1.47 [212]
π−π− Nb Nb 1.5 4.8±0.1 [205]
π−π− Ar Pb 1.8 5.53±0.38 [214]
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FIGURE 1.19: The two-pion emitting source dimension Rrms as a function of A1/3, where A is the atomic mass of
the projectile in the units of u. The data were reported in heavy-ion collision experiments [205–212]. The straight
line indicates the relation Rrms = aA1/3 with a = 1.2 f m.
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1.8 Motivation of this thesis
Even studied for many years, the underlying mechanism of the 2π0 channel is still not well known. Previous
studies [87–90] show that the the dominant processes of this channel are D13(1520)→ π0∆→ 2π0 p sequential
decay in the second resonance region and F15(1680)→ π0∆→ 2π0 p sequential decay at incident photon energies
around 1.0 GeV. In this work we measured the total and differential cross sections of this channel up to a great
accuracy at energies from 0.6 GeV to 1.2 GeV , which may shed more light on the underlying mechanism.
Another main purpose of this thesis is to get insight on the space-time properties of the excited baryon states in
the none-perturbative QCD domain. We attempt to get the information on the space-time properties via the BEC
analysis of the two neutral pions. This work is the attempt for the first time to observe BEC effects of 2 π0 in the
none-perturbative QCD region and might provide crucial information about baryon resonances.
At high energies, measurements of the Bose-Einstein correlations in two neutral pions produced in reactions
with large multiplicity are performed. In these measurements, a frequently used reference sample is made by
event mixing. Because high energy reactions have large multiplicity in the final state, event mixing works well.
However, at low energies, there are only few pions emitted from hadron reactions. In this case, correlations of
identical pions arising from energy-momentum conservation have a considerable effect, which may obscure the
observation of the Bose-Einstein effects. Moreover, there was no reliable event mixing method previously, which
can be used to observe the BEC effects in the domain of none-perturbative QCD. In this work, we attempt to find
a reliable method to observe the BEC effects of two neutral pions emitted from the reaction γN → 2π0X and to
extract the information on the size of the pion emitting source, where N represents free proton in hydrogen target
or quasi-free proton/neutron in deuterium target.
As for the deuterium target, it is found that double ∆ can be produced with photon excitation. One of the double
∆ reaction off deuteron is the process γd→ ∆+∆0→ 2π0 pn. The mechanism of this reaction is still not known.
Generally people believe that this reaction can happen only when the proton and the neutron in the deuteron is
close enough. A study of the size of the 2 π0 emitting source via BEC analysis may shed light on the underlying
dynamics of the double ∆ production. The BEC study of 2 π0 in the reaction γN → 2π0X in this work may
establish some basis tools towards this aim.
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Experimental setup
In this chapter, I give a detailed description of the experimental equipments and methods. Meson photoproduction
experiments were carried out from May 2008 to 2011 with a large acceptance detector, namely FOREST, at Re-
search Center for Electron Photon Science (ELPH), Tohoku University. ELPH provides a bremsstrahlung photon
beam, which is generated by inserting a carbon fiber into 1200 or 920 MeV circulating electrons in the synchrotron
ring. Scattered electrons are detected with the tagging system “STB-Tagger II” to determine the bremsstrahlung
photon energy. The details of the photon tagging counter STB-Tagger II is given in [128]. The bremsstrahlung
photon beam is provided under two operation modes: (1) 920 MeV Mode (Eγ = 580− 880MeV ) and (2) 1200
MeV Mode (Eγ = 740−1150MeV ). Liquid hydrogen/deuterium target was used in the experiment.
2.1 ELPH electron accelerator
The former name of the ELPH facility is LNS, which was initiated in 1966. The construction of the 300 MeV
electron linear accelerator (LINAC) was finished in 1967. The 1.2 GeV stretcher booster ring (STB ring) was
built in 1996. LNS was reorganized as Research Center for Electron Photon Science on December 1st, 2009 and
thereafter it is an independent research facility of Tohoku University. ELPH is now one of a few laboratories in
the world providing tagged photons with energies up to 1.2 GeV. There are mainly 3 research groups in ELPH:
hadron physics, accelerator science and nuclear radiation chemistry.
In 2011, the Great East-Japan Earthquake occurred at 14:46 on March 11. Although ELPH is not damaged
by the tsunami due to being far from the coast, the 300 MeV LINAC was damaged seriously [129]. The 1.2
GeV synchrotron had a relatively minor damage compared to the LINAC and its recovery was possible. The
reconstruction work took about 2 years. By August, 2013, the recovery had been finished and electron beam was
successfully produced.
Figure 2.1 gives a schematic view of the accelerators and experimental areas in ELPH.
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1st Experimental hall
2nd Experimental hall
3rd Experimental hall
GeV-Gamma Experimental hall
NKS2
FOREST
LDM
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STB- Tagger II
STB Ring
LINAC
FIGURE 2.1: Layout of the LNS/ELPH accelerator and experimental halls.
2.2 Bremsstrahlung photon beam
The first GeV tagged photon beamline[130] was constructed in 2000 with which several Quark-Nuclear-Physics
experiments had been performed. Mainly two experiments conducted by SCISSORS and NKS collaborations
were carried out with the first beamline. SCISSORS experiment was based on an electromagnetic calorimeter
SCISSORS [131], while NKS experiments on a magnetic spectrometer NKS [132].
The second GeV tagged photon beamline was constructed in 2003 and the SCISSORS calorimeter was upgraded
to SCISSORS II. In figure 2.2, the schematic view of the second photon beam is shown. Double pion and eta
meson photoproductions had been measured with SCISSORS II to study the excited baryon spectrum [133]. In
2009, a 4π electromagnetic calorimeter named FOREST [134] was constructed on the second beamline with the
main purpose of measuring multiple neutral pion photoproduction.
For the second beamline, photons are generated via bremsstrahlung process. An internal carbon radiator was
inserted into the circulating electron ring. This is similar to the method used for the first beamline. The energy of
the bremsstrahlung photon is given by
Eγ = Ee−Ee′ , (2.1)
where Ee and Ee′ are the energies of the post-bremsstrahlung electron before and after the process, respectively.
Fig. 2.3 gives a typical profile of the bremsstrahlung photon beam.
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FIGURE 2.2: Top view of the second GeV tagged photon beamline at ELPH. The STB ring and STB-Tagger II are
located in the second experimental hall. A charge sweeping magnet, SW3, and a detector system, SCISSORS II
(later was replaced by the FOREST detector), were placed in the GeV-γ experimental hall.
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FIGURE 2.3: Typical profiles of the bremsstrahlung photon beam for the STB circulating electron energy of 920
MeV (left) and 1200 MeV (right).
2.3 Tagger
The energy of the photon, produced in the bremsstrahlung process, is tagged by measuring the momentum of the
corresponding scattered electron with a tagging system, namely STB-Tagger II (see [128] for details). The photon
energy is calculated by equation 2.1. This tagger is composed of 116 telescopes of scintillating fibers. It provides
an available energy region of 740-1150 MeV and its energy resolution is 0.5-2.6 MeV. One of the eight bending
magnets of the STB ring, namely BM5, is used as an analyzer magnet for the tagging system. The radiator is
located 303 mm upstream along the orbit of the circulating electrons from the edge of the BM5 pole piece. Both
bremsstrahlung photons and scattered electrons travel along an almost straight trajectory before entering the BM5
due to the sufficient high energy of circulating electron in the STB ring. BM5 will bend the scattered electron
to some direction and eventually the electron will be detected by a tagging counter. With the information of the
position of this tagging counter and the magnetic field of the BM5, the momentum of the electron is determined.
Accordingly, the energy of the corresponding bremsstrahlung photon is given by equation 2.1. In Fig. 2.4, a
sectional view of BM5 and the configuration of STB-Tagger II is presented.
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Each tagging counter is built by assembling two scintillating fibers (4×4×70 mm3) into a telescope. Plastic
scintillator is employed as a position detector due to the fact that it can be shaped very easily and it has a good
time resolution and reasonable price. The good time resolution of the plastic scintillators allows us to use a tagged
photon beam with intensity up to 107 Hz and to keep an accidental coincidence rate less than 1%. A multi-
anode photomultiplier tube (PMT), namely Hamamatsu H8711-10, is employed to align the fibers efficiently in
the narrow internal space of BM5, a C-type dipole magnet. The size of the PMT is 30×30×45 mm3. It has a
4×4 matrix of independent photocathodes with 16 anode outputs. The area of each independent photocathode
surface is 4.2 × 4.2 mm2, which can exactly fit the fibers. As shown in fig. 2.4 (a), though each PMT has 16
photocathodes in total, only eight of them are used. The fibers are directly glued with an optical cement, namely
Bicron BC- 600, to photocathode surfaces without light guides. Therefore, four tagging counters are assigned to
one PMT. Consequently, there are totally 29 PMT’s mounted on a printed circuit board as shown in Fig. 2.4 (b).
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Beam
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FIGURE 2.4: (a) Single unit of STB-Tagger II, which consists of four telescopes. Each telescope is composed of
two scintillating fibers. The 4×2 fibers are directly connected to the eight channel photocathodes of a multi-anode
photomultiplier tube, Hamamatsu H8711-10. (b) Cross-sectional view of BM5 and the configuration of 29 units of
STB-Tagger II.
2.3.1 Energy calibration
The energy calibration of the tagging system was done by using the threshold energy Ethrγ of the γ p→ η p reaction.
The total cross section of γ p→ η p can be described by (Eγ −Ethrγ )1/2[135] because the main contribution to this
channel is the S11(1535) resonance. Thus one can precisely determine the threshold energy by the behavior of
the total cross section near threshold. In the energy calibration, we measured [133] the total cross section of the
γ p→ η p reaction, in which the η meson was reconstructed by γγ invariant mass. More details is given in [128].
Fig. 2.5 shows the relation between the calibrated tagged photon energy and the tagging channel for circulating
electrons of 1200 and 920 MeV. The solid lines in Fig. 2.5 indicate the results from calculation, which can give a
good reproduction for the measured results. The total uncertainty of the tagged photon energy is found to be 0.3%.
The main sources for the uncertainty are from the measurements of the position of the hodoscopes and incident
photon beam position on the converter.
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FIGURE 2.5: The relation between the tagged photon energy and the tagging channel for circulating electron
energies of 1200 and 920 MeV. The square indicates the measured tagged photon energy determined by the energy
sum of the corresponding electron and positron pair. Systematic uncertainty of the tagged photon energy is estimated
as 0.3%. The solid lines indicate the results from calculation. Picture is taken from [128].
To determine the energy resolution of the tagging system, we estimated the response function of the tagging
counters by a Monte-Carlo simulation. Fig. 2.6 shows the tagging energy resolution as a function of tagging
channel. Some tagging channels are influenced by the existence of two rods (5 mm in diameter), used to support
the vacuum window. It is found that the resolution of tagging energy varies from 0.5 to 2.6 MeV for most of
channels while worse resolutions appear at some tagging channels that detect the electrons passing through the
supporting rod.
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FIGURE 2.6: Tagging energy resolution (σ ) as as function of the tagging channel for the 920 MeV (upper) and
1200 MeV (lower) STB operation. Picture is taken from [128].
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2.3.2 Tagging efficiency
To calculate normalized cross sections, one needs to know the number of photons impinging on the target. Some
photons get lost on their way from the radiator to the target due to the conversion of photons into electron and
positron pairs, and some photons fail to be tagged. Sometimes electrons hitting the tagger are from special pro-
cesses such as Møller scattering or Coulomb multiple scattering instead of bremsstrahlung process. Thus, we need
the information about the photon transmittance (or tagging efficiency).
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FIGURE 2.7: A typical measured transmittance as a function of tagging channel. The open and solid circles
stand for the photon transmittance obtained with a φ25 mm lead aperture placed in GeV-γ Experimental Hall for
circulating electron energies of 920 and 1200 MeV, respectively. The boxes represent the same by determined with
a φ20 mm lead aperture for 1200 MeV. The diameter of the lead aperture in 2nd Experimental Hall is 10 mm in
these measurements. Picture is taken from [128]
The transmittance was measured through independent experiments. In the measurement, the energy of bremsstrahlung
photon was measured with an SF5 lead glass Čherenkov detector[96] with a size of 150×150×300 mm3. In order
to make the detector work properly, the circulating electron current is adjusted so that the counting rate of the SF5
detector would not exceed 50 kHz. The transmittance, Ti, for the i-th tagging channel is defined as
Ti =
Nγi
Noni −N
o f f
i
, (2.2)
where Noni is the events number detected with the i-th tagging counter when the radiator is switched on, and N
o f f
i
is that when the radiator is switched off. Nγi account for the number of coincident events between the i-th tagging
counter and the SF5 counter. In order to measure No f fi , the radiator-off events, the radiator was not inserted into
the circulating electrons every two or three spills. The Nγi can be determined from the energy distribution obtained
with the SF5 detector for the i-th tagging channel.
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Fig. 2.7 shows a typical measured photon transmittance as a function of the tagging channel. The transmittance
is almost a constant at every tagging channel, but two abnormal dips show up, which corresponds to the tagging
channels being affected by either one of two rods holding the window frame of the vacuum chamber of the STB
ring in BM5.
2.4 Hydrogen and deuterium target system
A cryogenic target production system was designed and installed in the GeV-γ experimental hall in 2008. The
lowest temperature at the target is about 4.5 K. This target system can be employed to produce and maintain solid
or liquid H2/D2. It allows one to make up solid or liquid hydrogen in a short time ∼2 hours after 3 hours pre-
cooling. It consists of three parts: a gas cooling system, a heat shield defending a cryostat from heat radiation, and
a vacuum chamber. Fig. 2.8 shows a schematic view of the system.
Heat shield
Refrigerator
Target cell
Target pipe
Vacuum chamber
CFRP
FIGURE 2.8: Schematic view of the solid/liquid hydrogen and deuterium target system.
The gas cooling system contains two parts: a 2-stage Gifford-McMahon refrigerator and a 1000 mm long target
pipe. The target pipe made of aluminium is placed on the top of the second stage of the refrigerator. The target
cell is placed at the end of the pipe. A solid or a liquid H2/D2 is embedded in the cell.
The cooling power of the Sumitomo Heavy Industries SRDK-415D-W71C is 35 W at 50 K for the 1st stage and 1.5
W at 4.2 K for the 2nd stage. The target pipe is made of 4N pure-aluminium, which has 10 times higher thermal
conductivity than A6063 type aluminum. The good thermal conductivity of pure-aluminium at our operation
temperature ∼10 K is sufficient enough to the requirement on our target system.
The size of the target pipe is 1000 mm long, 65 mm and 61 mm in outer and inner diameters, respectively. The
target cell (40 mm thick and 61 mm in inner diameter) is located at the end of the target pipe. The center of the cell
is 920 mm downstream from the refrigerator. Two aramid films with thickness of 12.5 µm are used for both sides
of the target cell to separate target region from vacuum. A pre-cooled pipe combines the cell with compressed
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H2/D2 gas cylinders. Thanks to high cooling power of the refrigerator and good thermal conductivity of 4N pure-
aluminium, achieving temperature of the target cell is 4.5 K. A detailed description of the target system can be
found in [108].
In Fig. 2.9, it shows the thickness of the hydrogen and deuteron targets as a function of temperature. The details
are given in [138], where we measured the thickness by employing a laser displacement meter.
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FIGURE 2.9: The thickness of the target as a function of the temperature for (left) hydrogen and (right) deuteron
targets.
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2.5 FOREST detector
FIGURE 2.10: Configuration of the FOREST detector. It consists of three EM calorimeters: the forward one
’SCISSORS III’ made of 192 pure CsI crystals , the central one ’Backward Gamma detector’ made of 252 lead
scintillating fiber modules, and the backward one ’Rafflesia II’ composed of 62 lead glass Čerenkov counters.
Plastic scintillator hodoscopes are placed in front of these calorimeters. They are SPIDER, IVY and LOTUS,
respectively.
A 4π EM calorimeter system named FOREST was constructed for the study of single and multiple meson photo-
production. It consists of three different EM calorimeters and three plastic scintillator hodoscopes. In the forward
angular region is the ‘SCISSORS III’ EM calorimeter composed of 192 pure CsI crystals, which has a polar angle
coverage of 4o-24o and full azimuthal angle coverage. Two types of pure CsI crystals are used: the LNS and
the INS type. The ‘Backward Gamma’ is located in the middle place, which is made up of 252 lead scintillating
fiber (Lead/SciFi) modules. It covers the polar angle from 30o to 100o and full azimuthal angle. The remaining
calorimeter named ‘Rafflesia II’ is placed in the backward angular zone comprised of 62 Lead Glass Čherenkov
counters. The energy resolutions for SCISSORS III, Backward Gamma and Rafflesia II are 3%[139], 7%[140] and
5%[141] for 1 GeV positrons, respectively. Characteristic properties[142] of the electro-magnetic calorimeters are
summarized in Table 2.1. In order to distinguish between neutral and charged incident particles, plastic scintillator
(PS) hodoscope are placed in front of each calorimeter.
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TABLE 2.1: Characteristic properties of the EM calorimeters of FOREST detector.
crystal type number of
crystals
covered an-
gle
energy resolution at 1
GeV electron
radiation length (1X0)
pure CsI (LNS) 144 4o-20o - 16.2X0 (18.5 mm)
pure CsI (INS) 48 20o-24o 2.2% 13.5X0 (18.5 mm)
Lead/SciFi 252 30o-100o 7.2% 13.8X0 (16.0 mm)
Lead Glass 62 110o-175o 4.9% 11.8X0 (25.4 mm)
FIGURE 2.11: Two photos of SCISSORS III. Left: Upstream view. Right: View against the direction the photon
beamline. It has a polar angle coverage of 4o-24o and full azimuthal angle coverage
2.5.1 EM calorimeter SCISSORS III
SCISSORS III was constructed by reassembling SCISSORS II in 2006 [102]. Before SCISSORS III, many ex-
periments concerning nucleon resonance studies via π0 and η photo-production were performed by using the
electro-magnetic calorimeter SCISSORS II. Because of its small solid angle coverage (12.6% of 4π), multi meson
photo-production cannot be effectively measured. To improve this situation, a new electro-magnetic calorimeter
complex with a solid angle of about 4π in total was proposed in 2005 [100], which is named Four-pi Omnidirec-
tional Response Extended Spectrometer Trio (FOREST). In the new plan, SCISSORS II was disassembled , and
SCISSORS III was constructed by using the same pure CsI crystals from the former. SCISSORS III was placed in
the forward region of FOREST (see Fig. 2.11).
Fig. 2.12 shows the distribution of the crystal channels in the x− y plane. The total 192 crystals in SCISSORS III
was grouped into 10 blocks (see Fig. 2.13). All blocks but the 10th one are used to generate trigger signal. There
are two types of trigger provided by SCISSORS III: the ‘Ngamma1’ trigger, corresponding to at least one block
being fired, and the ‘Nagmma2’, corresponding to 2 or more than 2 blocks being fired. Fig. 2.13 shows the circuit
diagram for the trigger generation of SCISSORS III.
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FIGURE 2.12: The map of SCISSORS III channels and the definition of the 10 blocks used for trigger generation.
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FIGURE 2.13: Circuit diagram for the SCISSORS III blocks used for the trigger generation.
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2.5.2 Plastic scintillator hodoscope SPIDER
Because an EM calorimeter itself is incapable to identify whether an incident particle is neutral or charged, a thin
plastic scintillator hodoscope is needed to be placed in front of it. We had designed and constructed a set of plastic
scintillator hodoscopes named Spiral-shaped Particle Identification Detector for Elementary Reactions (SPIDER),
which can determine the incident position of charged particles precisely. SPIDER consists of 3 layers. Each layer
is composed of 24 identical plastic scintillators. The side curve of each plastic scintillator has a shape of spiral
(see Fig. 2.14). The spiral curve can be parameterized by
r = exp(b(θ +θ0)), (2.3)
in the polar coordinate system, where r is a radius in the unites of mm, and b is a curvature parameter with the
value of 1.1. The inside radius r ranges from 57 to 425(1-0.15 sin15o) mm. The outside radius r ranges from 57
to 425(1 + 0.35 sin 15o) mm. The phase difference in θ between neighboring components is 15o. Two layers of
SPIDER have different configurations in arranging 24 spiral scintillators in a plane. One is assigned as left-handed
layer while another right-handed layer. A pair of these left-handed and right–handed layers can determine the
position of charged particles passing them (see Fig. 2.15). The third layer is used to cover the area the other
two layers fails to cover. The spiral-shaped scintillator is connected to a metal packaged photo-multiplier tube
Hamamatsu R8900U through a twisted-type light guide.
r
∆φ=15
o
rmax
rmin
φ
C2
C1
x
y
FIGURE 2.14: Components of scintillator SPIDER[97]. The side curve of each plastic scintillator is parameter-
ized by the relation r = exp(b(θ + θ0)) in polar coordinate system. The phase difference between neighbouring
components is 15o.
2.5.3 EM calorimeter Backward Gamma
Backward Gamma was originally used at the Laser Electron Photon beam facility at SPring-8 (LEPS). After moved
to ELPH in 2006, it was reassembled. Fig. 2.16 shows the schematic view of the reconstructed Backward Gamma.
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FIGURE 2.15: Left: illustration of reconstructing the incident position of charged particles. Right: A photo of
SPIDER that is placed in front of SCISSORS III.
It is composed of 252 lead scintillating fiber (Lead/SciFi) modules with a polar angle coverage 30o-100o and full
azimuthal angle coverage. Each module covers 10o both in the polar and azimuthal angles.
LEPS Backward Gamma
Target
FIGURE 2.16: Schematic view of the LEPS Backward Gamma detector. Incident beam travels from left to right. It
consists of 252 Lead/SciFi modules. Each module covers 10o both in the polar and azimuthal angles. It covers the
polar angle from 30o to 100o and full azimuthal angle.
Fig. 2.17 shows the Backward Gamma’s channel definition and block assignment, which is just a cluster of
channels used for trigger generation. These channels are classified into 7 groups in terms of the polar angle.
Channels with polar angles of 30o−40o, 40o−50o, . . . ,90o−100o are defined as ’B3’, ’B4’, . . . ,’B9’, respectively.
According to the azimuthal angle, these channels are classified into 36 groups. Channels with azimuthal angles
of −5o−5o, 5o−15o,. . . ,345o−355o are identified by number ’0’,’1’,. . . ,’35’, respectively. With the polar angle
and azimuthal angle classification, any channel can be easily identified by the label ’Bi-j’ where i is the ith group
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in the polar angle definition and j is the jth group in the azimuthal angle definition (3 ≤ i ≤ 9,0 ≤ j ≤ 35). The
channel index ch is given by
ch = 7 j+(i−2) (2.4)
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FIGURE 2.17: The map of Backward Gamma channels, viewed from the upstream of the beamline. The circles
indicate the classification of channels in terms of polar angle θ . The thin radial lines indicate the azimuthal angle
classification. The thick radial lines show the boundary of the 18 blocks, which are used for trigger generation. The
green text indicate the the block number.
In order to produce trigger signal from Backward Gamma, its channels are grouped into 18 blocks. The nth block
consists of the channels ranging from 14(n−1)+1 to 14n (see Fig. 2.17). Each block provides a logic signal used
for trigger generation. Fig. 2.18 shows the circuit diagram for the trigger generation in a block of the Backward
Gamma. Two type of triggers are provided. The first one, named ‘Ngamma1’, corresponds that at least one block
in Backward Gamma is fired. The second type trigger, named ‘Ngamma2’, corresponds that there are 2 or more
than 2 blocks fired. Ngamma1 and Ngamma2 triggers are used later to produce the GrandNgamma1 trigger, which
is used for the FOREST data taking.
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FIGURE 2.18: Circuit diagram for the Backward Gamma blocks.
2.5.4 Plastic scintillator hodoscope IVY
The hodoscope placed in front of the Backward Gamma is referred to as IVY [104]. It consists of 18 plastic
scintillators. Each one is connected to a small and light metal-packaged single-anode PMT Hamamatsu R8900U
through a fish-tail light guide. This type of PMTs are also employed for SPIDER, witch is the plastic scintillator
hodoscopes placed in front of SCISSORS III [103]. Fig. 2.19 shows the schematic view of the IVY. The thickness
of each scintillator is 5 mm[107].
FIGURE 2.19: Left: A side view of the configuration of IVY and Backward Gamma. Right: Schematic view of
the plastic scintillator hodoscope IVY. It is composed by 18 plastic scintillators, which are placed in front of the
Backward Gamma. It’s symmetry around the z axis (along beam line).
Chapter 2. Experimental setup 47
2.5.5 Rafflesia II
The Rafflesia II, made up of 62 lead glass Čerenkov counters, was constructed in June 11, 2008 [104]. It is
used to cover the backward space. Among the total 62 counters, there are 10 SF-5 lead glass Čerenkov counters
(150× 150× 300 mm3) and 52 SF-6 lead glass Čerenkov counters (75× 75× 235 mm3). The density of SF-5
counter is 4.07 g/cm3, while that of SF-6 counter is 5.20 g/cm3 [96]. Since the density of SF-6 is higher than that
of SF-5, both have the same lengths in a radiation length unit (11.8X0). The higher position resolution will be
obtained by adopting the smaller modules. In Fig. 2.20, it shows the schematic view and a photo of Rafflesia II.
FIGURE 2.20: Left: A photo of Rafflesia II. Right: Schematic view of Rafflesia II. It is made up of two types of
lead glass Čerenkov counters: SF5 and SF6.
2.5.6 LOTUS
LOTUS was constructed in September, 2009 [127]. It was placed in front of Rafflesia II in order to detect charged
particles. It is composed of 12 plastic scintillators with a thickness of 5 mm. To reduce the inefficiency due to the
gap between scintillators, adjacent scintillators have an overlapping arrangement. Fig. 2.21 shows the diagrams
of LOTUS.
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FIGURE 2.21: Left: Schematic view of LOTUS. Right: Map of plastic scintillator modules of LOUTS. The distri-
bution of Rafflesia II modules are also shown.
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2.6 Trigger
The trigger of the FOREST experiment, named ‘GrandNgamma2’, is defined as the condition that there are at least
two blocks are fired in SCISSORS III and Backward Gamma. As described in the last section, both SCISSORS III
and Backward Gamma produced two types of block triggers Ngamma1 and Ngamma2. Both of them were used to
generate the GrandNgamma2 trigger. Fig. 2.22 shows the circuit diagram for the generation of FOREST trigger
GrandNgamma2.
GrandNgamma2
OR
AND
BG Ngamma1
BG Ngamma2
S3 Ngamma1
S3 Ngamma2
OR
AND
AND
SigmaTagger16
SigmaTagger1
.!
.!
.
OR
FIGURE 2.22: Circuit diagram for FOREST experiment trigger GrandNgamma2 generation. The coincident signal
between the tagger trigger SigmaTagger01-16 and the trigger from the EM calorimeter is used to generate the final
trigger.

Chapter 3
Data process
Once data taking is finished, we have recorded a huge amount of data, which is nothing more than numbers. These
numbers correspond to the intensities of the signals measured and recorded by different parts of the FOREST
detector. Then our task is to interpret these numbers as physical values such as energies and times. Such a process
on data is referred to as data calibration, which commonly takes a long time. In this chapter, a brief description of
the data calibration for the FOREST detector is given.
After data calibration is over, we know the time at which a particle went through the detector, the energy it
deposited in it, and its approximate trace. However, we still do not know what kind of particle hits the detector.
We should use as much information about this particle as we can and combine them together to identify the
particle.
In order to efficiently achieve all this sorting, recording, calibrating ,and analyzing operations, one needs a con-
venient common playground to work on. An analysis framework, namely RFP, especially designed to fulfill our
needs, was developed by Dr. Ishikawa at ELPH, Tohoku University.
3.1 Data analysis package RFP
RFP is a program package which was developed by Dr. Ishikawa for the FOREST experiment at ELPH. It consists
of two parts: RFA and RFS. The RFA is used to readout and store the data coming out of the detectors and
provide an efficient framework to perform data analysis. In other words, the function of RFA is to establish a
connection between the experimental data and physical-meaningful variables. RFS is designed to estimate the
detection efficiency of FOREST detector. It recorded all parameters of the detectors like geometrical parameters
and materials components. The codes in RFS corresponding to detector response simulation are based on the
GEANT4 program [136]. One can edit the ‘user.c’ file in RFP package to establish the event selection criterion.
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3.2 Clusterization
When a photon hits a crystal, it creates an electro-magnetic (EM) shower via electron-positron pair creation and
bremsstrahlung photons. The typical size of a EM shower is characterized by the Molière radius. Such a EM
shower will extend, depending on its energy deposition, to the adjacent crystals around the originally hitted crystal.
Therefore, the energy deposition spreads over a few crystals. In order to reconstruct the particle, one needs to group
all these adjacent crystals. This process is commonly referred to as “clustering”. For this purpose, a clustering
routine is implemented, which works in the following steps. First, it searches for the crystal with the maximal
energy deposition among all individual hits in the crystals. Secondly, it scans through all the neighbours of this
central crystal and adds all crystals with a non-zero hit to the cluster. For each added neighbor, this neighbour
scanning is repeated again, and new crystals are added to the cluster. This procedure is repeated iteratively until no
more adjacent crystal with a non-zero hit remains. The first cluster will be built this way. Once this first cluster is
reconstructed, all its member are marked as ‘non-hit’, and we repeat the same procedure to build a second cluster.
In this process, more and more clusters are built until eventually no more isolated hit remains. A drawback of
this procedure is that two overlapping clusters will be interpreted as one single cluster. However, due to the small
number of final state particles, this is unlikely to happen frequently and only a small fraction of the total events are
misidentified that way. The charge of a cluster is determined with the response of the plastic scintillators in front
of it.
htemp
Entries  120854
Mean    7.264
RMS     2.257
Number of modules in a cluster 
5 10 15 20 25
0
5000
10000
15000
20000
25000
30000
35000
SCISSORS III
htemp
Entries  2378707
Mean    9.302
RMS     2.251
Number of modules in a cluster
5 10 15 20 25 30 35 40
0
200
400
600
800
1000
310×
Backward Gamma
htemp
Entries  383018
Mean    8.088
RMS     2.267
Number of modules in a cluster
5 10 15 20 25
0
10000
20000
30000
40000
50000
60000
70000
80000
Rafflesia II
FIGURE 3.1: The number of modules in a cluster for SCISSORS III (left), Backward Gamma (middle) and Rafflesia
II (right).
The time, the energy and the position of the incident particles are determined by combining the informations of the
individual crystals belonging to the cluster. The time is defined as the time of the central crystal of the cluster. The
energy and position determination is less straightforward. The energy is commonly dependent on each crystal’s
energy. The position is dependent on the energy and position of each crystal. Special parameterizations are needed
to get the cluster’s energy and position. Moreover, the methods to determine the energy and position of an cluster
are different for the three components of FOREST detector.
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A detailed description of the SCISSORS III clustering is given in [101, 105]. This clustering method had been
developed originally for the previous EM calorimeter SCISSORS II. Due to the geometry configuration of the
SCISSOR III, particles emitted from the target volume cannot have a perpendicular incidence on the front face of
a CsI crystal. Therefore, if one simply reconstructs the cluster position from the energy weighted average of all
crystals’ position in the cluster, the result is not correct. This issue is solved by taking into account the maximum
shower depth (a depth having the maximum energy deposition density) as a function of the particle energy.
For the cluster of Backward Gamma, the energy is defined as the sum of all individual module energies and the
position is determined from the center of gravity of the cluster by computing the position (the central point of the
front face) of all modules in the cluster weighted with the energy deposition.
The method used for the Rafflesia II clustering is described in Ref.[106]. The cluster energy is determined by the
sum of all individual module energies. The treatment of position determination is analogous to that of SCISSORS
III.
Fig. 3.1 shows the typical number of modules in a cluster for SCISSORS III, Backward Gamma and Rafflesia II.
Fig. 3.2 shows the typical distributions of the number of clusters and neutral clusters in an events for the FOREST
data. The neutral cluster here is defined as a cluster without the response of plastic scintillator placed in front of it.
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FIGURE 3.2: The number of clusters (left) and neutral clusters in an event.
3.3 Energy and time calibration
The purpose of energy calibration is to establish a correspondence between ADC channels and the actual energy
deposited in the EM modules. Many methods can be employed in the calibration. In our case, the energy calibra-
tion of the EM calorimeter modules is performed by using the π0→ γγ reaction. Two gammas are reconstructed by
two neutral clusters. By requiring the invariant mass of these two gammas to be equal to π0 mass, the parameters
used in energy calibration are determined. Details can be found in Ref[109–112].
The timing calibration of EM modules is performed by using the π0 → γγ events too. If a π0 decays into two
photons with the speed of light and these two photons are detected by two different EM modules, the time of
Chapter 3. Data process 54
the two corresponding clusters in the two modules should be the same. Using this principle, all modules time
parameter can be calibrated by defining a reference time and repeating the same procedure for all combinations of
two EM modules. Some detailed corrections are needed if taking the pulse-height time-walk effect into considera-
tion. In our work, the timing calibration of EM modules is performed, incorporating in the pulse-height time-walk
correlation for the photon clusters[113–116].
Because a plastic scintillator is basically insensitive to the photon, the energy and timing calibrations of SPIDER
and IVY plastic scintillators are made by applying positron and electron clusters [117–121]. The calibration of
LOTUS plastic scintillators was carried out with such cluster whose energy deposition in the plastic scintillator
is twice as that for the penetration of the minimum ionizing particle [122]. Both the energy and timing were
calibrated by taking into account the polar angle dependence of the incident position for the three hodoscopes.
3.4 Random subtraction
Because the beam intensity is high, a large number of background electrons can be detected in the tagger along
with the bremsstrahlung electrons. This will make trouble for the tagger system. The photon energy is determined
by measuring the corresponding scattered electron’s energy. If more than one electron is detected, this high
multiplicity makes an ambiguity in determining the photon energy because we don’t know which one of the
detected electrons actually produced the bremsstrahlung photon in the radiator. We can’t distinguish between the
background/accidental electrons and post-bremsstrahlung (or prompt) electrons, but we can estimate the number of
background events. For this purpose, timing information is needed. Once an electron is detected in the tagger, the
time difference ∆t = tTagger− tFOREST is calculated, where tTagger is this electron’s time and tFOREST is the average
time of all photons (in this case we use four photons) detected in the FOREST detector. A typical distribution
of the time different ∆t is shown in Fig.3.3. In this plot, there are two difference regions: prompt region and
accidental region. Events in the prompt region contain both prompt electrons and background electrons. Both of
them can not be distinguished with a simple cut on the time difference. Therefore, a third (or called sideband)
zone is defined far away from the prompt peak, where all detected electrons are background events. This sideband
zone is used to estimate how much accidental electron events are mixed in the prompt peak.
In the data analysis, any variable involving the tagged photon is plotted twice. The first plot is made by requiring
electrons to appear in the prompt region where both prompt and accidental events are possible to occur. The
second plot is contributed only by background events. Then, the 2nd plot is scaled by the relative width of the two
regions and subtracted from the first plot. At this point, we get rid of random background.
3.5 PID “banana plots”
Because FOREST detector is made up of EM calorimeters and plastic scintillators (PS), the “banana plots” tech-
nique can be used to identify the nature of charged particles. The charged particle can be identified by using it’s
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FIGURE 3.3: Time difference between the electron in tagger and the average time of four photons. The texts (a)
and (b) in the plot indicate the zones used to estimate the number of accidental events under the prompt peak as
shown by a rectangle. If the prompt time window is assigned as [-1.5,1.5] ns, roughly 11% events in this window
are accidental events.
energy deposition in the plastic scintillator, which depends on their nature. π±, which can be approximated as
minimum ionizing particles, have about 1 MeV energy deposition. The proton energy deposition varies from 1 to
6 MeV depending on its energy. If we make a two dimensional plot of the energy deposition in PS versus that in
EM calorimeter, it is easy to distinguish between charged pions and the proton since they concentrate on different
zones in the plot.
A typical banana plot for the combination of SPIDER and SCISSORS III is shown in Fig. 3.4, which shows a
clear separation between protons and π±. The zone at ∆E ≈ 1MeV corresponds to π± and a curved zone at higher
energies corresponds to protons. Each zone is manually delimited by some boundaries. Particles dropped in the
top zone are marked as protons and in the bottom zone as π±.
3.6 Data taking
From May 2008 to May 2010, totally 10 series of long period FOREST experiments had been performed, in which
photoproduction on the targets of liquid hydrogen, deuterium and empty targets had been measured. The numbers
of spills and events of all period runs are summarized in Table 3.1 [126].
After the period of 2008A, construction of Rafflesia II was completed. The readout of signals for Rafflesia II
was available in 2008C period and periods after 2008C. LOTUS was built before running 2009D experiment.
In periods of 2008A, 2008B and 2009C, deuterium target was not used. In 2009E and 2010A, the energy of
circulating electron was 920 MeV, while in other periods 1200 MeV.
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FIGURE 3.4: A typical banana plot for the combination of SPIDER and SCISSORS III. ∆E indicates the energy
deposition in the plastics scintillator. E stands for the energy deposition in the CsI crystal of SCISSORS III. The
lines indicates the boundary used to separate proton and charged pions.
TABLE 3.1: The numbers of spill and event for FOREST experiment runs in different periods. The circulating
electron energy of the STB ring was 1200 MeV for the periods 2008A-2009D and 2010B, while 920 MeV for the
2009E and 2010A periods.
Target
hydrogen deuterium empty
Period #spills #events #spills #events #spills #events
2008A 10.83 k 76.49 M – – 3.50 k 30.43 M
2008B 29.17 k 234.48 M – – 7.96 k 27.48 M
2008C 25.52 k 388.15 M 11.43 k 282.93 M 19.93 k 73.20 M
2009A 23.16 k 225.14 M 20.28 k 297.43 M 6.00 k 13.58 M
2009B 23.98 k 211.34 M 35.47 k 548.43 M 5.99 k 13.31 M
2009C 27.45 k 254.13 M – – 4.93 k 13.84 M
2009D 56.38 k 492.71 M 45.28 k 891.66 M 7.31 k 23.40 M
2009E 34.84 k 100.37 M 22.89 k 85.89 M 16.48 k 12.76 M
2010A 60.84 k 111.52 M 37.06 k 114.35 M 9.85 k 10.83 M
2010B 34.89 k 245.19 M 22.28 k 235.78 M 13.17 k 40.77 M
Total (1200 MeV) 231.37 k 2127.63 M 134.79 k 2253.28 M 68.80 k 235.99 M
Total (920 MeV) 95.68 k 211.89 M 59.95 k 200.24 M 26.33 k 23.59 M
In this work, datasets in the periods of 2009A-2009E are used in the data analysis. The reason for excluding 2008
dataset is that the detector construction in 2008 had not been finished completely. 2010 datasets are not adopted
because the energy threshold is reduced and corresponding simulation code is in the phase of testing.
Chapter 4
Data analysis
In this chapter, I explain how to select special events we are interested in and obtain useful physical observables,
such as cross section and Dalitz plots. First, the event selection criterion for the reaction γ p→ 2π0 p is presented.
Second, the event selection of the inclusive reaction γN → 2π0X is given, where N stands for the nucleon (pro-
ton/neutron). In the end, the total cross section of the reaction γ p→ 2π0 p is given as well as the Dalitz plots. And
a discussion about these results is covered.
4.1 Identification of γ p→ 2π0p channel
The reaction γ p→ 2π0 p is reconstructed by its decay channel γ p→ 2π0 p→ 4γ p, which has 5 final particles in
total. Therefore, candidate events should have four neutral clusters (4 photon candidates) and one charged cluster
(proton candidate) detected by FOREST detector. The process 2π0 → 4γ is reconstructed by an invariant mass
analysis. No matter the proton is detected or not, a missing mass analysis is required for the judgment of the
hypothesis that the reconstructed two pions and one charge particle are decayed from a γ p→ 2π0 p reaction. The
missing mass analysis is very useful to reject background channels like γ p→ 2η p→ 6π0 p.
4.1.1 Invariant mass analysis
π0 is identified by reconstructing the invariant mass of a pair of photon clusters using
m2γγ = (Pγ1 +Pγ2)
2 = 2Eγ1Eγ2(1− cosθγ1γ2), (4.1)
where Eγi is the energy of i
th photon cluster and θγ1γ2 is the relative angle between two photons’ momenta. Because
the 4 photons are undistinguishable, it is impossible to reconstruct two π0 directly. In order to identify a proper
combination of two photons decaying from a pion, all possible combinations of photon pairs need to be checked.
The best combination is chosen by a kinematic fitting analysis which will be described later.
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Figure 4.1 (left) shows a typical invariant masses of the best combinations of two pairs of photons. The clear
signals for two pions are shown.
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FIGURE 4.1: Left: Invariant masses for the best combination for two pairs of photons. Right: Missing mass (mX )
for γ p→ π0π0X .
4.1.2 Missing mass analysis
When the recoil proton is not detected by FOREST, a missing mass analysis is needed to judge whether the selected
2 π0s originate from a γ p→ 2π0 p event or not. The missing mass is defined as
m2miss = (Pbeam +Ptarget −Pπ01 −Pπ02 )
2, (4.2)
where Pbeam and Ptarget are the four momentum of the incident photon and the target respectively, Pπ01 and Pπ02 are
two π0s’ four momentum. Missing mass analysis is also embedded in a kinematic fitting analysis.
For a good γ p→ 2π0 p event, mmiss has to be equal to the proton’s mass. Figure 4.1 (right) shows the missing mass
distribution for good double π0 events. A peak can be clearly observed at the mass of proton.
4.1.3 Kinematic fitting
Kinematic fitting [17] is a very useful mathematical method in particle physics, which can be employed to improve
measurements by applying physical constraints like energy-momentum conservation or invariant masses of parti-
cles. Another advantage of kinematic fitting is that it can provide a value referred to as ”confidence level” (CL)
reflecting the goodness of fitting for the measured variables to the hypothesis we assumed. The CL value ranges
from 0 to 1. Higher CL means that the agreement between the experimental data and the hypothesis is good, while
lower CL indicates a bad agreement. Therefore, kinematic fitting can be used to separate the good events and bad
events in the event selection process. A detailed description of kinematic fitting is given in Appendix A.
In the case of γ p→ π0π0 p reaction, 4-momentum conservation and the invariant masses of pion and proton can
be used as physical constraints in the kinematic fitting.
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4.1.4 Event selection 1
I describe the main methods which are essential in the event selection earlier. Now I will describe the entire proce-
dures of the event selection criteria 1 for the γ p→ π0π0 p events. Events with exactly four neutral clusters (photon
candidates) and one or no charged hit (proton candidate) are accepted. The proton is treated as a missing particle.
Not requiring to detect recoil protons has two advantages. In the case of low incident photon energies, recoil
protons have low kinetic energies and most of them can’t be detected. Requiring proton detection would have con-
siderably reduced the overall detection efficiency. In contrast, treating proton as a missing particle allows a higher
detection efficiency. At higher beam energies, the detection of proton works pretty well. However, another prob-
lem arises that the simulation of the detection efficiency becomes more involved and more model dependent when
proton is required to be detected. This would have unnecessarily introduced an additional systematic uncertainty.
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FIGURE 4.2: Time difference between two neutral clusters. A prompt cut between -1.5 and 1.5 nanosecond is
applied as indicated by the two red vertical lines.
This event selection is performed in two steps. First, candidate events are picked up with several cut conditions.
Then, these survived events are subjected to a 7 constraints (7C) kinematic fitting. Events with confidence level
higher than a certain CL cut value are accepted for further physical analysis.
The following cut conditions are used in the first step of event selection:
• Two pairs of neutral clusters are detected. In each pair, the time difference between two nuetral clusters
should be within the time window −1.5 ns≤ ∆t ≤ 1.5 ns (see Fig. 4.2).
• There is no other neutral cluster detected in the time region from -3.0 to 15.0 nanosecond with respect to the
average time of the four selected neutral clusters t4γ .
• There is no knot signal in LOTUS because proton cannot go backward according to the kinematics of
γ p→ π0π0 p reaction (see Appendix C).
• The sum of the number of knot signals in SPIDER and IVY should not be larger than 1.
The events that passed through the above cut conditions are subjected to a kinematic fitting analysis, in which the
four-momentum conservation law and the invariant masses of pion’s and proton’s are used as constraints. Denote
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(Ei,θi,φi)(i = 1,2,3,4) as the ith gamma’s energy, polar angle and azimuthal angle with respect to the beam
direction, (Ep,Pp,θp,φp) as proton’s energy, momentum, polar angle and azimuthal angle with respect the beam
direction, and Eγ as the incident photon energy. Among them, Ep , θp, φp and Pp are unmeasurable kinematic
variables ξ , others are measurable variables η ,
η =
(
E1 θ1 φ1 E2 θ2 φ2 E3 θ3 φ3 E4 θ4 φ4 Eγ
)T
, (4.3)
ξ =
(
Ep Pp θp φp
)T
. (4.4)
Four momentum conservation and the mass of π0 and proton give 7 constraint equations as below,
f1 = Eγ +mp−
4
∑
i=1
Ei−Ep = 0, (4.5)
f2 =
4
∑
i=1
Eisinθicosφi +Ppsinθpcosφp = 0, (4.6)
f3 =
4
∑
i=1
Eisinθisinφi +Ppsinθpsinφp = 0, (4.7)
f4 =
4
∑
i=1
Eicosθi +Ppcosθp = 0, (4.8)
f5 = 2E1E2(1− sinθ1sinθ2cos(φ1−φ2)− cosθ1cosθ2)−m2π0 = 0, (4.9)
f6 = 2E3E4(1− sinθ3sinθ4cos(φ3−φ4)− cosθ3cosθ4)−m2π0 = 0, (4.10)
f7 = (E2p−P2p )−m2p = 0. (4.11)
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FIGURE 4.3: χ2 probability (CL) distribution for FOREST 2009E data (left) and FOREST 2009D data (right).
Results both from data and simulation are shown. A CL cut CL > 0.2 is applied as shown by the vertical lines.
The confidence level distribution is shown in Fig. 4.3. It exhibits a flat distribution of CL, indicating a valid kine-
matical fitting performance. Good agreement between data and simulation is observed when CL > 0.2. In order
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to judge the quality of the error estimation for the measured variables, ‘Pull’ distributions [17] are investigated for
the measured variables of the photon’s energy, polar angle and azimuthal angle, and the incident photon energy,
respectively. Fig. 4.4 shows the Pull distributions for these four variables both for the data and simulation. In
the plots, a normal Gaussian distribution with mean(µ) of 0 and sigma(σ ) of 1 is also shown in each pad for
comparison. These Pull distributions are sufficiently to be a normal Gaussian distribution, indicating that our error
estimation is reasonable.
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FIGURE 4.4: Pull distributions with CL > 1% for the measured variables of the photon’s energy Eγ , polar angle θγ
and azimuthal angle φγ , and the incident photon energy Ebeam. Results both from data (blue line) and simulation
(green line) are shown. The red lines indicate a Gaussian distribution with mean of 0 and sigma of 1 for comparison.
Up: for FOREST 2009E period. Down: for FOREST 2009D period.
The best combinations of four photons will be selected with the largest CL value in an event. Fig. 4.5 shows the
invariant masses of the reconstructed best combinations of 2 pairs of photons. This two-dimensional spectrum
shows a clear peak at the position of the π0 mass. The background events are subtracted by a side-band method
(see Chapter 3). Also, the missing mass spectrum, calculated with the two π0’s kinematics for the hypothesis of
the γ p→ π0π0X reaction, is shown in Fig. 4.6. A clear peak is shown at the position of the proton mass.
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FIGURE 4.5: Invariant masses for the reconstructed best combination of two pairs of photons for the γ p→ π0π0 p
reaction. Results from dataset of FOREST 2009E (left) and 2009D (right) are shown. Events with confidence level
larger than 20% are used.
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FIGURE 4.6: Miss mass mX calculated for the hypothesis of the γ p→ π0π0X reaction. Dataset of FOREST 2009E
(left) and 2009D (right) are used.
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4.1.5 Event selection 2
In order for cross-check, a different event selection criterion for the γ p→ π0π0 p reaction is applied. Event
selection 2 is very similar to the event selection 1. The only difference is that the event selection 2 requires to
detect proton and use its momentum in the 7C kinematic fitting. The proton is reconstructed by detecting one
particle with time information in SPIDER/SCISSORS III, or IVY/Backward Gamma. The proton’s detecting time
should be in the range from -1.0 ns to 15.0 ns with respect to the average time of four gammas tF . Fig. 4.7 shows
a typical time difference between the remaining particles’ and the average time of the selected four photons. The
momentum of proton is constructed by its TOF information, where the start time is defined as tF . The procedure
of the 7C kinematic fitting is the same as in the event selection 1, but treating the proton’s variables as measurable
variables.
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FIGURE 4.7: Upper-left: Time difference between remaining clusters’ and the average time of the selected four
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left but plotted for individual EM components of the FOREST. Lower-right: Time difference between the fired
plastic scintillators’ and the average time of the selected four photons.
The confidence level distribution is shown in Fig. 4.8. Although it doesn’t show a flat distribution, good agreement
between data and simulation when CL > 0.2 is observed. In order to judge the quality of the error estimation for
the measured variables, ’Pull’ distributions [17] are investigated for the measured variables of the photon’s energy,
polar angle and azimuthal angle, proton’s momenta, polar angle and azimuthal angle, and the incident photon
energy, respectively. Fig. 4.4 shows the Pull distributions both for the data and the simulation. In the plots, a
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FIGURE 4.8: χ2 probability (CL) distribution for FOREST 2009E data (left) and FOREST 2009D data (right).
Results both from data and simulation are shown. A CL cut CL > 0.2 is applied as shown by the vertical lines.
normal Gaussian distribution with mean(µ) of 0 and sigma(σ ) of 1 is also shown in each pad for comparison. The
Pull distributions indicate good error estimations for photons’ variables but worse error estimations for proton’s
variables. Both for the photon and proton’s variables, the discrepancies in the Pull distribution between the data
and the simulation are small, indicating a valid detector simulation.
The best combinations of four photons will be selected with the largest CL value in an event. Fig. 4.10 shows
the invariant masses of the reconstructed best combinations of 2 pairs of photons. This two-dimensional spectrum
shows a clear peak at the position of the π0 mass. The background events are subtracted by a side-band method
(see Chapter 3). Also, the missing mass spectrum calculated with the two π0s’ kinematics for the hypothesis of
the γ p→ π0π0X reaction is shown in Fig. 4.11. A clear peak is shown at the position of the proton mass.
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FIGURE 4.9: Pull distributions with CL > 1% for the measured variables of the photon’s energy Eγ , polar angle
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energy Ebeam. Results both from data (blue line) and simulation (green line) are shown. The red lines indicate a
Gaussian distribution with mean of 0 and sigma of 1 for comparison. Up: for FOREST 2009E period. Down: for
FOREST 20099D period.
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FIGURE 4.11: Miss mass mX calculated for the hypothesis of the γ p→ π0π0X reaction. Dataset of FOREST
2009E (left) and 2009D (right) are used.
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4.2 Identification of γ p→ 2π0X and γd→ 2π0X
The inclusive reaction channels γ p→ 2π0X and γd→ 2π0X are used for Bose-Einstein correlation analysis. The
event selection for them are the same. Two π0s are required in the final states and are reconstructed by their decay
particles, four photons. Events with two pairs of neutral clusters with a time difference for two clusters in each pair
within [-1.5, 1.5] ns are accepted as candidate events. The candidates are send to a 2 constraints kinematic fitting.
The best combination of the two pairs of photons is identified by the best confidence level. The 2 constraints used
in the kinematic fitting are:
f1 = 2E1E2(1− sinθ1sinθ2cos(φ1−φ2)− cosθ1cosθ2)−m2π0 = 0, (4.12)
f2 = 2E3E4(1− sinθ3sinθ4cos(φ3−φ4)− cosθ3cosθ4)−m2π0 = 0, (4.13)
where Ei, θi and φi (i=1,2,3,4) are the ith gamma’s energy, polar angle and azimuthal angle, respectively.
The confidence level distribution for the event selection of γ p→ 2π0X is shown in Fig. 4.12 (left). Fig. 4.12 (right)
shows the invariant masses of the reconstructed best combinations of 2 pairs of photons. This two-dimensional
spectrum shows a clear peak at the position of the π0 mass.
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FIGURE 4.12: Left: χ2 probability (CL) distribution for the event selection of γ p→ 2π0X . Right: Invariant masses
for the reconstructed best combination of two pairs of photons. FOREST 2009D dataset is used.
Fig. 4.13 (left) shows the confidence level distribution for the event selection of γd → 2π0X . Fig. 4.13 (right)
shows the invariant masses of the reconstructed best combinations of 2 pairs of photons. This two-dimensional
spectrum shows a clear peak at the position of the π0 mass.
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FIGURE 4.13: Left: χ2 probability (CL) distribution for the event selection of γd→ 2π0X . Right: Invariant masses
for the reconstructed best combination of two pairs of photons. FOREST 2009D dataset is used.
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4.3 Cross sections
The cross section of a reaction X is generally given by the formula
σ =
NX
NbeamNtargetεdetΓX→Y
, (4.14)
where NX is the number of detected events and the denominator factors are used for normalization of the cross
section. These normalization factors are described below:
• Nbeam is the number of beam particles. In our case, it refers to the corrected number of the incident photons.
• Ntarget is the number of target particles (in this case protons/neutrons).
• εdet is the detection efficiency which needs to be estimated by simulation.
• ΓX→Y is the branching ratio of the interested reaction X into the measured decay channels Y (for instance,
Γpπ0π0→pγγγγ = Γπ0→γγ Γπ0→γγ = 0.976).
4.3.1 Estimation of detecting efficiency
In the ideal case, people who work on the particle physics wish to design a detector that is so perfect that all final
particles and all generated events can be detected. However, the reality is more or less off the ideal situation and
some events might escape detection for different reasons. Possible causes of losing events are geometry coverage,
detector threshold, trigger condition and data process. For the FOREST detector complex, a particle might escapes
through the forward or backward beam holes in SCISSORS III and Rafflesia II, or the gap between SCISSORS III
and Backward Gamma. In most cases, a final sate particle is not detected due to its low energy below the detector
threshold. In our case, the energy threshold of EM calorimeters is set as around 30 MeV. Therefore, particles with
energies lower than 30 MeV will get lost. Also, an event will be rejected if it fails to satisfy the trigger conditions,
misidentification of one of the particles happens or it does not meet any cut conditions applied in the data analysis.
All these reasons lead to a consequence that the number of reconstructed events is not equal to the number of
events actually produced in the target. Calculating normalized cross sections needs a precise knowledge of how
much events have been lost. In other word, the ratio between the number of detected events and the number of
actually happened events needs to be known. This ratio is usually referred to as detecting efficiency.
The detecting efficiency can be estimated as precisely as possible with a dedicated computer simulation. First we
generate virtual reaction events with the same kinematic conditions as real data. Then let these events pass through
all processes related in the experiment including detector responses, trigger conditions and data process (like event
section criterion). The detecting efficiency is given by
εdet =
Nreconstructed
Ngenerated
, (4.15)
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where Ngenerated is the number of generated events and Nreconstructed the number of events survived all processes
mentioned above.
4.3.1.1 Event generation
To get a reliable results of detection efficiency, it is important to provide an initial state of the studied process in
an accurate way. In our case, we are interested in double pion events. For the generation of γ p→ 2π0 p events, a
simple phase space event generator is used.
4.3.1.2 Detector simulation
For every physical experiment involving particle detections, knowing the performance of a detector is required.
The GEANT (GEometry ANd Traking) toolkit was developed in 1974 at CERN to allow a precise simulation of the
interactions between particles and detector. It is a 2-step work to simulate the performance of a detector by using
GEANT based programs. First, the virtual detector is build by establishing all its elements in terms of geometry,
dimension and material. Not only the detector itself is concerned, but any of the elements, possible to affect the
behavior of the particles, are taken into accounts. Such elements include, for example, sustaining structure, cables,
electronics and so on and so forth. Once the first step is finished, a set of generated particles is passed to the virtual
detector. GEANT will simulate the interaction of these particles with the detector matter in any traversed element
and calculate the energy deposition in the detector. Other related values such as the detecting time can also be
simulated (tracking).
In our work, a GEANT based detector simulator, referred to as RFS (Reference FOREST Simulator), was devel-
oped by Dr. T. Ishikawa. This simulator is used to simulate the interaction between the final particles and the
FOREST detector.
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4.3.2 γ p→ 2π0 p total cross section
The detection efficiency and the total cross section of the reaction γ p→ π0π0 p, obtained with the event selection
1, are shown as a function of the incident photon energy in Fig. 4.14. FOREST dataset 2009A, 2009B, 2009C,
2009D and 2009E are used. All these periods’ total cross sections are shown together for comparison and good
consistency between each other is observed.
In addition, the same results, gained with the event selection 2 are shown in Fig. 4.15 and good agreement in the
total cross sections between each period is found.
For cross check, the total cross sections from event selection 1 and those from event selection 2 are plotted together
in Fig. 4.16. Two different event selection criteria give consistent total cross sections, indicating a valid detection
efficiency estimation with our simulator RFS.
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FIGURE 4.14: Left: Acceptance as a function of the incident photon energy. Right: Total cross section for the
reaction γ p→ π0π0 p as a function of the incident photon energy (only statistical errors are shown). Datesets of the
period of 2009A, 2009B, 2009C, 2009D and 2009E are used. These results are obtained by event selection 1.
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FIGURE 4.15: Left: Acceptance as a function of the incident photon energy. Right: Total cross section for the
reaction γ p→ π0π0 p as a function of the incident photon energy (only statistical errors are shown). Datesets of the
period of 2009B, 2009C, 2009D and 2009E are used. These results are obtained by event selection 2.
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FIGURE 4.16: Total cross section for the reaction γ p→ π0π0 p as a function of the incident photon energy obtained
by event selection 1 and 2. Datasets of the period of 2009A, 2009B, 2009C, 2009D and 2009E are used.
4.3.3 Comparison with previous data
Fig. 4.17 shows the total cross section of the γ p→ π0π0 p reaction as a function of the incident photon energy,
which is the averaged value over all cross sections from dataset in periods of 2009A, 2009B, 2009C, 2009D
and 2009E. Our result is compared with previous data. Within error bars, our data is fairly consistent with all
previous results in the region 0.85 GeV ≤ Eγ ≤ 1.1 GeV . These previous data used in the comparison are from
GRAAL[75], CB-ELSA[92, 93], DAPHNE[94], TAPS[93], and Crystal Ball/TAPS[95]. However, in the second
resonance region (corresponding the first peak in this case) our data is roughly 5% higher than previous data.
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FIGURE 4.17: Total cross section for the reaction γ p→ π0π0 p. The averaged value is taken over those in period
of 2009A, 2009B, 2009C, 2009D and 2009E. Our results are compared to the previous data from GRAAL[75],
CB-ELSA[92, 93], DAPHNE[94], TAPS[93], and Crystal Ball/TAPS[95].
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4.4 Dalitz plots
Dalitz plots are a powerful tool used to observe the intermediate states in 3-body decays, which was introduced
by R. Dalitz in 1953 [143] for the first time to investigate the decay of strange mesons into three pions (K+ →
π+π+π−). Suppose a three body decay A→ B1B2B3 with mass mi and four momentum Pi and define mi j as the
invariant masses of all possible combinations of two particles,
m212 = (P1 +P2)
2, m213 = (P1 +P3)
2, m223 = (P2 +P3)
2. (4.16)
Dalitz plots are then made by picking two of the three m2i j and plotting them in a 2-dimensional scatter plot.
Therefore, three possible Dalitz plots (m212 vs m
2
23, m
2
12 vs m
2
13 and m
2
13 vs m
2
23 ) can be produced for a 3-body
decay.
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FIGURE 4.18: Dalitz plot for a 3-body final state. In this example, the state is π+K̄0 p at 3 GeV. Four-momentum
conservation restricts events to the shaded region. (Source: PDG [145])
Fig. 4.18 shows a typical Dalitz plot for a three body decay. One can find that events in a Dalitz plot are restricted
to a certain region due to the kinematics of 3-body decay. m212 get the minimal value when both particles are at rest
and all the available energy transferred to the third particle ((m1 +m2)2 ≤ m212). On the other hand, the maximal
value of m212 is obtained when the third particle is at rest and all the available energy is transmitted to the system
of particles 1 and 2 ( m212 ≤ (M−m3)2). For a given value of m212, m223 is distributed in the kinematically allowed
range. The boundary of this range is determined by its values when ~p2 is parallel or antiparallel to ~p3:
(m223)max = (E
∗
2 +E
∗
3 )
2− (
√
E∗22 −m22−
√
E∗23 −m23)2, (4.17)
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(m223)min = (E
∗
2 +E
∗
3 )
2− (
√
E∗22 −m22 +
√
E∗23 −m23)2, (4.18)
where E∗2 = (m
2
12−m21 +m22)/2m12 and E∗3 = (M2−m212−m23)/2m12 are the energies of particles 2 and 3 in the
m12 rest frame.
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FIGURE 4.19: Dalitz plot for the γ p→ π0π0 p reaction at the incident photon energy of 1100 MeV
In a Dalitz plot, all physical events are distributed in the kinematic allowed region. In the simplest case of the
3-body phase space decay, the Dalitz plot will be uniformly populated. Fig. 4.19 shows a Dalitz plot obtained
by using phase space generator for the γ p→ π0π0 p reaction with incident photon energy of 1100 MeV and rest
proton target. However, if the decay is a sequential decay with an intermediate resonance, the Dalitz plots exhibits
band structure. Consider a decay process A→ BC3→ B1B2C3 in which the intermediate state B decays into B1 and
B2 leading to m2(B1,B2) = m2B. Correspondingly, an enhanced region will appear in the Dalitz plots at m
2
12 = m
2
B.
This feature of Dalitz plots is useful to find possible intermediate resonance in a three-body decay.
4.4.1 Dalitz plots for γ p→ π0π0 p reaction
Two Dalitz plots for γ p→ π0π0 p channel are presented here. We previously stated that three different Dalitz plots
can be produced for a 3-body decay. In the case of double π0 channel, however, two π0 are not distinguishable.
As a result, among the three possible Dalitz plots m2
π01 π
0
2
vs m2
π01 p
, m2
π01 π
0
2
vs m2
π02 p
and m2
π01 p
vs m2
π02 p
, the first two
give identical results. Therefore these first two plots can be merged in a single m2
π0π0
vs m2
π0 p Dalitz plot with two
entries for one event.
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We present the Dalitz plots as a function of the incident photon energy. These results are corrected for the detecting
efficiency and normalized to the incident photons count and the target number. The results are shown in Fig. 4.20,
Fig. 4.21, Fig. 4.22, Fig. 4.23 and Fig. 4.24 for FOREST dataset 2009A, 2009B, 2009C, 2009D, 2009E,
respectively. In these two types of Dalitz plots, some enhanced region can be observed at all energies, clearly
indicating the presence of some intermediate states in this reaction channel. As for the Dalitz plot of m2
π0 p versus
m2
π0π0
, an enhanced band appears at m2
π0 p ≈ 1.5×10
6GeV 2 ≈m2
∆1232 at all energy bins. This is a clear sign of the
dominant contribution from a sequential decay of γ p→ ∆(1232)π0→ pπ0π0. More details information about the
intermediate states might be found in the projections of these plots on each of their axis.
Fig. 4.25 show the m(π0,π0) spectra at different incoming energy bins, for the 1200 MeV mode and 920 MeV
mode. The data for the 1200 MeV mode presented here are the weighted average values over the periods of 2009A,
2009B, 2009C and 2009D. The phase space distribution is also shown for comparison. The invariant mass of the
two pions is in a good agreement with a phase space distribution.
Fig. 4.26 show the pπ0 invariant mass distributions at different incoming energy bins, for the 1200 MeV mode and
920 MeV mode. For the 1200 MeV mode, weighted average values over the results from the periods of 2009A,
2009B, 2009C and 2009D are presented in these plots. The shape of the m(p,π0) spectra is much different
from pure phase space distribution. A prominent enhancement at the mass of the ∆ resonance is observed at
all energy bins, which nicely confirm again that the main contribution to this channel is the sequential decay of
γ p→ π0∆→ 2π0 p.
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FIGURE 4.20: Dalitz plots for the γ p→ π0π0 p reaction. Upper: two dimensional plots of m2
π0π0
versus m2
π0 p as a
function of the incident photon energy Eγ . Lower: two dimensional plots of m2π0 p versus m
2
π0 p as a function of Eγ .
FOREST-2009A dataset is used.
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FIGURE 4.21: Dalitz plots for the γ p→ π0π0 p reaction. Upper: two dimensional plots of m2
π0π0
versus m2
π0 p as a
function of the incident photon energy Eγ . Lower: two dimensional plots of m2π0 p versus m
2
π0 p as a function of Eγ .
FOREST-2009B dataset is used.
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FIGURE 4.22: Dalitz plots for the γ p→ π0π0 p reaction. Upper: two dimensional plots of m2
π0π0
versus m2
π0 p as a
function of the incident photon energy Eγ . Lower: two dimensional plots of m2π0 p versus m
2
π0 p as a function of Eγ .
FOREST-2009C dataset is used.
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FIGURE 4.23: Dalitz plots for the γ p→ π0π0 p reaction. Upper: two dimensional plots of m2
π0π0
versus m2
π0 p as a
function of the incident photon energy Eγ . Lower: two dimensional plots of m2π0 p versus m
2
π0 p as a function of Eγ .
FOREST-2009D dataset is used.
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FIGURE 4.24: Dalitz plots for the γ p→ π0π0 p reaction. Upper: two dimensional plots of m2
π0π0
versus m2
π0 p as a
function of the incident photon energy Eγ . Lower: two dimensional plots of m2π0 p versus m
2
π0 p as a function of Eγ .
FOREST-2009E dataset is used.
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FIGURE 4.25: Upper: π0π0 invariant mass distribution for the γ p→ π0π0 p reaction as a function of the incident
photon energy (indicated by red text in each panel). The data, represented by solid circles, are the averaged values
over those from datasets in the periods of 2009A, 2009B, 2009C and 2009D. Lower: The same as the upper plots
but the dataset in the period of 2009E is used. For comparison, the phase space distribution is also shown (solid
curve).
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FIGURE 4.26: Upper: pπ0 invariant mass distribution for the γ p→ π0π0 p reaction as a function of the incident
photon energy (indicated by red text in each panel). The data, represented by solid circles, are the averaged values
over those from datasets in the periods of 2009A, 2009B, 2009C and 2009D. Lower: The same as the upper plots
but the dataset in the period of 2009E is used. For comparison, the phase space distribution is also shown (solid
curve).
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4.5 Systematic uncertainties
The main sources of the systematic uncertainties in the total cross section and the Dalitz plots are:
• the determination of the experimental detection efficiency of γ p→ 2π0 p
• the photon-beam flux
• the target density
The systematic error due to the detection efficiency estimation is estimated by comparing different cross section
results obtained with different event selection criteria. The uncertainty caused by this influence is estimated to be
8%.
The uncertainty of the photo-beam flux is determined mostly by the variation of the tagging efficiency during
the data-taking period. The tagging efficiency was measured both before and after each period of data-taking
[123–125]. It is found that the efficiency variation throughout a data-taking period is about 7%.
The uncertainty of the hydrogen target density is about 0.06% in the temperature region 15.4-16.4 K. For the
deuterium target at temperature ranging from 19.5 K to 21.5 K, the uncertainty of the density is 0.4% [138].
If we assume that all uncertainties above are independent, the total systematic uncertainties are given by adding
up all contributions from the above mentioned sources in quadrature. This gives an overall 11% systematic error
on the γ p→ 2π0 p cross section.
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4.6 Discussion
First of all, we discuss the features of the total cross section of the γ p→ 2π0 p reaction as shown in Fig. 4.17.
Two peaks in the second and third resonance region can be easily observed. The first peak shows up at the
position Eγ ∼ 0.7 GeV (
√
s ≈ 1.5GeV ), while the second one Eγ ∼ 1.1 GeV (
√
s ≈ 1.7GeV ). It is the sign of a
strong contribution of resonances from the second and third resonance regions. Possible contributing resonances
to the first peak are the P11(1440), the D13(1520) and the S11(1535) [85–90]. Because these three resonances are
broad, lay close to each other and thus strongly overlap, we can not distinguish the individual contribution of each
resonance. Possible resonant contributions to the second peak are the D33(1700), the F15(1680), the S31(1620),
the P13(1720), D15(1675) and so on [85–90]. Again, it is difficult to disentangle the individual contributions of
these resonances. Therefore, a further interpretation of the total cross section is limited.
In the typical nucleon resonance energy domain, where analytic or perturbative solutions of QCD is unavailable,
so far the experimental data have been mainly interpreted with phenomenological quark models. One can obtain
information about the properties of the resonances by comparing the experimental results to the model predictions.
The theoretical interpretations for the double pion photoproduction, which is obviously much more complicated
than single pion channel, have a strong model dependence. Although studied for a long time, the double pion
channel is still far from well understanding.
As for the 2 π0 photoproduction, interpretations from various models are still controversial. In some models
[87, 89, 90], they propose a dominant contribution of the D13(1520)→ ∆π0 → pπ0π0 process to this channel.
Someone [75] proposes the P11(1440)→ Nσ decay is the dominant contribution. In the work of [92], they found
the two-pion S-wave provides a significant decay fraction in the third resonance region and the D13−D33 interfer-
ence generates the dip between the second the third resonance region. They also found a very strong D33(1700)
contribution. Although these models vary in their structures, they all give a good description of the total cross
section.
Fig. 4.27 shows the predicted cross section of the 2π0 channel by the Mainz model [90]. In this model, individual
contributions of the most important processes are included. In the second resonance region, the main resonant
contribution to the cross section is from the D13(1520) resonance. Also, the cross section for the 2π0 channel is
dominated by resonance decays, while that for the channels with charged pions is dominated by background terms
(see Fig. 4.28 and Fig. 4.29).
Another approach to obtain resonance information is the partial wave analysis (PWA), where one uses as much
experimental data as possible, fits them and uses the fitting results to extract information on the resonances. There
are recently two papers [92, 93], in which they performed a broad survey of resonances in the second and third
resonance regions. In their work, the Roper resonance was specially focused on. In the fitting, the experimental
data on γ p→ 2π0 p as well as γ p→ π0 p, γ p→ η p, γ p→ KΛ and γ p→ KΣ were used and the individual
contribution of the resonances were extracted. Here we only focus on the PWA results for the 2π0 channel. Fig.
4.30 shows the interpretation of the total cross section by [92]. In the results, the D33(1700) resonance makes the
main contribution to the total cross section, which is an opposite to the Valencia and Mainz models. Also, the
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FIGURE 4.27: Predicted total cross section for γ p→ 2π0 p by the Mainz model [90]. Left: dash-dotted: contri-
bution of N∆ s– and u–channels; Dotted: calculation with positive sign of the F15(1680)→ π∆ amplitude. Right:
solid: resonant contributions of P11(1440), D13(1520), F15(1680), and S11(1535); dashed: minor contributions of
S31(1620), P13(1720) , and D15(1675).
FIGURE 4.28: Total cross section for γ p→ π+π−p predicted by the Mainz model [90]. Left: dash-dotted: contribu-
tions from ∆ Kroll-Ruderman and pion pole terms; short dashed: all resonances; long dashed: ρ0 photoproduction
via π0 and σ -exchange; solid: total without D33(1700) contribution; dotted: total with D33(1700) contribution.
Right: solid: contributions of P11(1440), D13(1520), F15(1680), and S11(1535); dotted: D33(1700) contribution;
dashed: minor contributions of S31(1620), P13(1720) , and D15(1675).
result shows that the D13(1520) contribution only account for less than one half of the total cross section while in
the Mainz model it is responsible for about 80%.
As different models and PWA results can not give a consistent interpretation of the double pion photoproduction,
more thorough theoretical studies are called for. Experiments with polarization observables will provide a more
precise tool to determine the resonance properties, because it can add further constraints to the theoretical models.
The total cross section only allows one to get a very superficial view of the reaction. More detailed information will
be revealed by the Dalitz plots. Fig. 4.25 and 4.26 show the π0π0 and pπ0 mass distributions, respectively. These
results are corrected with the detection efficiency. The phase space distributions are also shown for comparison.
From the pπ0 invariant mass distribution, we confirm again that the ∆ plays an dominant role in the two-pion
photoproduction dynamics. In addition, from the two dimensional plots of m2(p,π0) vs. m2(π0,π0), an enhanced
band at m2
π0 p ≈ 1.5×10
6GeV 2 ≈m2
∆1232 is obviously found at all energy bins. No significant features are found in
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FIGURE 4.29: Total cross section for γ p→ π+π0n predicted by the Mainz model [90].
FIGURE 4.30: Partial wave contributions for the γ p→ 2π0 p reaction reported in [92]. The solid line stands for
a Partial Wave Analysis (PWA). Two PWA solutions are presented here, marked 1 and 2. The D33(1700) partial
wave (dotted line) is the dominant contribution to the second resonance region. D13(1520) (dashed-dotted line) and
P11(1440) (dashed line) also play an important role in this reaction. And the D13−D33 interference generates the dip
between the second and third resonance region.
the π0π0 mass distribution but deviations from phase space are still observed, especially in the second resonance
region. This slight discrepancy might due to the correlation (not BEC) between the two π0. Among all possible
contributing processes in the double π0 channel, the only one that can possibly give rise to such a correlation is the
P11(1440)→ p(π0π0)I=0S−wave decay. Our results show that this decay only has a minor contribution to the double
π0 channel.
Based on the above discussion, the sequential decay of γ p→ ∆π0→ pπ0π0 is dominant in the double π0 channel
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at all energy bins we are interested in (see Fig. 4.31). In the next section, we will study the space-time properties
of the reaction region for this channel by using BEC analysis of two pions, which will provide crucial information
about the structure of the nucleon excited state and the resonance-resonance transitions.
π 0 π 0
N * Δ
FIGURE 4.31: Resonance sequential decays contributing to the double π0 production.
Chapter 5
Bose-Einstein correlations between two
neutral pions
This chapter describes the BEC analysis of two neutral pions emitted from photoproduction. First, it explains
in detail how to develop a reliable event mixing method which is crucial for successfully observing the BEC
effects for exclusive reactions in the non-perturbative QCD energy region. The main work of the development is
dedicated to address the problem arising from the strict kinematical limits for the reaction γN → π0π0X . Monte
Carlo simulation is used to tune the parameters for the method. Second, it discusses the resonance effects of π0 p
and π0π0 on the event mixing method and accordingly makes improvements for the method. Finally, it presents the
BEC results from the FOREST data by using this developed event mixing method, in conjunction with systematic
error estimation and a summary of this study.
In order to observe the Bose-Einstein effects experimentally, one needs to measure the spectra of the four-
momentum difference Q of the two neutral pions and to compute the ratio of it to that from a reference sample
which serves as a yardstick. Then, the ratio is fitted by the GGLP parameterization of the two-particle correlation
function [154]:
C2(Q) = N(1+λ2e−Q
2r20 ), (5.1)
where N is the normalized factor, Q is the invariant mass of the relative momentum Q2 =−(p1− p2)2 = M2−4µ2
(p1, p2 and M are the four-momentum vectors and the invariant mass of the two identical bosons of mass µ ,
respectively), and r0 is a measure of the source dimension. The parameter λ2 is the chaoticity parameter, which
varies from 0 (completely coherent case) to 1 (totally chaotic limit).
A valid reference sample should be identical to the real data (signal sample) in all aspects but free of BE effects.
A big challenge of the BEC study is that it depends rather strongly on the choice of the reference sample, which
is thus the main source for the overall systematic errors associated with the BEC results. One of the methods to
make a reference sample is the event mixing method that construct an artificial event by taking two particles from
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different real events. In the case of the BEC analysis for two neutral pions, we employ the event mixing technique
to make the reference sample.
In the study of extracting resonance signals and observing Bose-Einstein effects for inclusive reactions with large
multiplicity at high energies, the event mixing method proved to be an effective method. In 1984, D. Drijard, H.G.
Fischer and T. Nakada [157] studied in detail the application of event mixing in extraction of resonance signals
in inclusive reactions. They investigated the features of the invariant mass distribution obtained by combining
particles from different events, i.e. event mixing. They concluded that special kinematic constraints were needed
to reproduce the shape of the uncorrelated invariant mass distribution. The event mixing method is also used as
a tool to observe Bose-Einstein correlations in identical boson pairs produced in inclusive reactions with large
multiplicities [158, 161, 186, 187, 189, 190]. It works because it can eliminate all kinds of correlations between
particles.
However, the application of the event mixing method in exclusive reactions faces a big challenge due to the fact
that energy-momentum conservation is violated in the mixing. In this section, we study the features of event
mixing for exclusive reactions and attempt to find an effective event mixing technique that can be used to observe
BE effects for 2 π0 from exclusive photo-induced reactions. The aim of this study is to find an effective event
mixing technique that can not only preserve the energy-momentum conservation but can also eliminate the other
kind of correlations like resonances and Bose-Einstein effects.
5.1 Event mixing technique for the exclusive reaction γ p→ π0π0p
Suppose we have a Monte Carlo sample containing exclusive reactions with three final state particles—2 π0 and
one proton—that are produced with pure phase space kinematics. The total four-momentum of every reaction is
fixed to be (ES,~PS), as shown in Fig. 5.1 (a) and (b). Mixed event is constructed by taking two neutral pions from
different events. If there is no requirement on the mixing, any two pions from different events could be paired to
form a mixed event as shown in Fig. 5.1 (c). But such a simple process fails to guarantee the four-momentum
conservation and does not take into account the proton.
5.1.1 Missing mass cut
As the original event has 2 π0 and one proton, the mixed event should also obey such a three final states kinematics.
Therefore, the missing particle in the mixed event must satisfy the four momentum conservation and its invariant
mass should be equal to the proton mass as the original event (see Fig. 5.1 d). Hereafter this cut is referred to as
”missing mass cut”
Monte Carlo simulation is used to evaluate the performance of the missing mass cut. Pure phase space events of
the γ p→ π0π0 p reaction are generated with a ROOT1 utility class ”TGenPhaseSpace” 2. Fig. 5.2 (left) shows the
1http://root.cern.ch
2http://root.cern.ch/root/html/TGenPhaseSpace.html
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(a) Event 1 (b) Event 2 (c) Mixed Event (d) Mixed Event
⇡02a
⇡02b
S S
⇡01a
⇡01b
p1
p2
S : (ES , ~PS)
⇡01a : (E1a, ~P1a)
⇡01b : (E1b, ~P1b)
p1 : (E1, ~P1)
S : (ES , ~PS)
⇡02a : (E2a, ~P2a)
⇡02b : (E2b, ~P2b)
p2 : (E2, ~P2)
⇡02a
⇡01a
⇡02a
⇡01a
miss particle
miss : (Emiss, ~Pmiss)
Constraints: No Constraint 
Emiss = ES   E1a   E2a
~Pmiss = ~PS   ~P1a   ~P2a
E2miss   ~P 2miss = m2p
FIGURE 5.1: (color online) Mixed event (c) and (d) are built by taking two pions from event 1 (a) and event 2 (b).
In (d), missing mass cut is used.
Dalitz plot for the generated phase-space events. Mixed events are constructed by taking two pions from different
events. Fig.5.2 (right) shows the Q (two pions relative momentum invariant mass) distributions for the phase-space
events, the mixed events without missing mass cut and that with missing mass cut. It is shown that the reference
sample constructed without any constraint has some events exceeding the allowed region of Q, while that with
missing mass cut restricts all events within the allowed region.
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FIGURE 5.2: (color online) Left: Dalitz plot of the Monte Carlo γ p→ π0π0 p events. Right: Distributions of the
invariant mass of the relative four momentum of two pions for mixed events. Blue line indicates phase space events,
red line represents mixed event with missing mass cut and the green line shows the mixed events without missing
mass cut.
5.1.2 Pion energy cut
As discussed previously, a valid event mixing should construct a reference sample which is identical to the original
events in all aspects but free or Bose-Einstein effects. It means that for the pure phase space γ p→ π0π0 p events,
a valid event mixing method should reproduce the shape of the phase space Q distribution. However, the ratio of
the Q distribution for phase-space sample to that constructed with event mixing with missing mass cut exhibits an
un-flat feature (see Fig. 5.3 a), indicating that this event mixing with missing mass cut fails to preserve the phase
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space effects. Then additional kinematic cuts are called for. Our strategy is to try various cut conditions and see
the shape of the ratio between the phase-space Q distribution and the mixed Q distribution. In the mixing, missing
mass cut is always kept.
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FIGURE 5.3: The ratio between the phase-space Q distribution and the mixed Q distribution. Mixed events are
build with missing mass cut and additional kinematic cuts: (a) no additional cut, (b) Eπ0 < 0.6Eγ , (c) Eπ0 < 0.5Eγ ,
(d) Eπ0 < 0.4Eγ and (e) Eπ0 < 0.3Eγ , where Eπ0 is pion energy, and Eγ is the incident photon energy. Pion energy
cut is applied both for the signal and reference sample.
Fig.5.3 b shows the ratio of the Q distribution of the original events to that obtained by event mixing with the
additional kinematic constraint on two pions energy both for the original and mixed events: Eπ0 < 0.6Eγ (Eγ
represents the incident photon energy) . Fig.5.3 c, d and e show the same but with the cuts of Eπ0 < 0.5Eγ ,
Eπ0 < 0.4Eγ and Eπ0 < 0.3Eγ , respectively. It is found that the kinematic cut condition Eπ0 < 0.5Eγ makes a ratio
which is close to a flat distribution.
In order to find the optimum pion energy cut condition Eπ0 < E
max
π , different values of E
max
π ranging from 0.55Eγ
to 0.65Eγ with step size 0.01Eγ are tried. As shown in Fig. 5.4, each result of the correlation function are fitted by
a linear function y = a+ bx. The best cut condition should make the correlation function have a slope of 0. The
fitted slope parameter b is plotted as a function of Eγ and fitted by a forth order polynomial (see Fig. 5.5). The
optimum pion energy cut condition is determined by the cross point between the fitted polynomial and y = 0 line.
Also, the error of the optimum cut value is determined by the cross point between the y = 0 line and the boundary
of the fitting uncertainty with 95% confidence interval. For the exclusive reaction γ p→ π0π0 p, the optimum pion
energy cut value is found to be Emaxπ /Eγ = 0.499±0.006.
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FIGURE 5.4: The ratio between the phase-space Q distribution and that from mixed events. Mixed events are
constructed with missing mass cut and different pion energy cuts. The pion energy cut condition is indicated by the
text like ‘Eπ ≤ xEγ ’ in each panel. Each ratio is fitted by function y = p0+ p1 · x with fitting parameters shown in
the same panel.
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FIGURE 5.5: The slope parameter b for the correlation function as a function of pion energy cut for the γ p→ π0π0 p
reaction.
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5.1.3 Some words on the pion energy cut
To understand why the pion energy cut works well to make a flat distribution for the correlation function, we
here use an intuitive model to discuss this issue. Consider a sample that has two observables a and b. And it is
uniformly populated in the a–b plane ( see the left three plots in Fig. 5.6). If we construct a new sample by mixing
events from this sample, the density distribution in the a–b plane for the mixed events is the same as the original
events (see the most-right plot in Fig. 5.6). In this toy model, the observables a and b are completely independent.
However, if we require a+b≤ 6 for the original sample and do the event mixing again, the result will be changed
as shown in Fig. 5.7. The plot shows that the event density is not uniform. This is because the boundary condition
a+b≤ 6 skews the event density distribution and eventually affects the mixed events. To get rid of the boundary
effects, it is better to delete some events in the original sample. As shown in the most-left plot in Fig. 5.8, events
in the a–b plane marked by × are deleted and the events in the area marked by red square are kept for the event
mixing. As can be seen in the most-right plot in Fig. 5.8, the mixed events show the same density distribution as
the original sample. This toy model indicates that finding a maximum square in the a–b plane and deleting events
outside this square makes the event mixing free of the boundary condition a+b≤ 6.
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FIGURE 5.8: The same as that in Fig. 5.7 but the events marked by × are deleted from the original sample.
In the event mixing for two π0, the four momentum conservation truly leads to a strict boundary constraints on
the 2π0 kinematics especially on their energies. In this sense, pion energy cut is used to make the mixing free of
kinematic boundary effects. Fig. 5.9 shows the 2–d plots of the two pions’ energies for a Monte Carlo phase space
γ p→ π0π0 p events with different pion energy cuts. Fig. 5.10 and Fig. 5.11 show the 2–d plots of the two pions’
θ and φ respectively. As we can seen in these plots, with pion energy cut condition Eπ < 0.5Ebeam, all these three
two-dimensional plots exhibit a square shape, which means this cut condition can make the mixing process get rid
of the kinematic boundary effects.
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FIGURE 5.9: Two-dimensional plots of the two pions’ energies for a Monte Carlo phase space γ p→ π0π0 p events
with different pion energy cuts.
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5.1.4 Monte Carlo study of the event mixing method with missing mass cut and pion
energy cut
Monte Carlo simulation is used to evaluate the performance of this event mixing method where missing mass cut
and the pion energy cut Emaxπ /Eγ = 0.499±0.006 are used. One pure phase space event sample and eight Bose-
Einstein (BE) effects samples for the γ p→ π0π0 p reaction are generated. The phase space events are generated by
using a ROOT utility class ”TGenPhaseSpace” 3. The BE samples are based upon the pure phase space events. The
Bose-Einstein effects is imposed by rejecting some phase-space events according to the GGLP parameterization
of the two-particle correlation function [154]
C2(Q) =
ρBE(Q)
ρnoBE(Q)
= N(1+λ2er
2
0Q
2
), (5.2)
where ρBE(Q) and ρnoBE(Q) stand for the Q dependence of event density with BE effects and that without BE
effects, respectively. N is a normalization factor. From the point of view of statistics, equation (5.2) is the relative
density function of BE events with respect to that of the phase-space events. Because equation (5.2) has a max-
imum value Cmax2 = N(1+λ2) when Q = 0, we employ the following procedure to construct a new sample with
BE effects from a pure phase space sample:
• Calculate the Q value of a phase-space event.
• Generate a uniform random number R ranging from 0.0 to 1.0.
• Compare R with the ratio C2(Q)/Cmax2 ; if C2(Q)/Cmax2 > R, then accept this event.
The probability that C2(Q)/Cmax2 > R is proportional to C2(Q), so this method allows us to get correct density
distribution subject to equation (5.2). In this work, we generated one event sample without BE effects and eight
BE samples with different combinations of BE parameters. For simplicity, we take N = 1 for all BE samples.
Incident photon energy Eγ and BE parameters λ2 and r0 are listed in Table 5.1.
TABLE 5.1: Incident photon energy and combinations of BE parameters λ2 and r0 for Monte Carlo BE/noBE
samples of the γ p→ π0π0 p reaction.
Event Sample Eγ (GeV) r0 (fm) λ2
noBE 1.1 −− −−
BE,1 1.1 0.4 1.0
BE,2 1.1 0.7 1.0
BE,3 1.1 1.0 1.0
BE,4 1.1 1.3 1.0
BE,5 1.1 0.4 0.5
BE,6 1.1 0.7 0.5
BE,7 1.1 1.0 0.5
BE,8 1.1 1.3 0.5
3http://root.cern.ch/root/html/TGenPhaseSpace.html
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Event mixing with the missing mass cut and the pion energy cut Emaxπ /Eγ = 0.499±0.006 together is used to build
mixed events for the every generated BE/noBE sample. The corresponding correlation functions (the ratio of the
original Q distribution to that obtained by event mixing) are shown in Fig.5.12. Within error bars, it is shown that
fitted BE parameters are consistent with the input parameters. This indicates that this event mixing method can be
used to observe the BEC signals and extract reasonable BE parameters. The masses of the missing particles both
in the mixed events and the original events are shown in Fig. 5.13. In this case, the missing particle’ mass for the
original events are the proton’s mass.
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FIGURE 5.12: The ratios (NBE(Q)/NMix(Q)) between the Q distribution of the generated BE/noBE sample to that
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FIGURE 5.13: Missing particle (or the third particle) mass for the mixed events 2π0X . For comparison, the mass
of the missing particle of the original event, the proton’s mass, is shown as well.
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5.2 Event mixing technique for the inclusive γ p→ π0π0X reaction
For the BEC analysis, using data sample of the inclusive γ p→ π0π0X reaction has the advantage of better statistics
compared to the exclusive case. But the corresponding event mixing method is a little bit different because the
mass of the missing particle X varies widely. Fig. 5.14 gives a typical distribution of the missing mass for the
γ p→ π0π0X reaction at incident photon energies of 1.1− 1.15 GeV. The first peak corresponds to the proton,
while the second wide peak represents other contributions.
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FIGURE 5.14: The missing mass distribution of the inclusive reaction γ p→ π0π0X at incident photon energies
ranging from 1.1 to 1.15 GeV.
Our treatment of the event mixing for the inclusive case is dividing the whole sample into sub-samples in terms
of the mass of the missing particle of one event and performing the event mixing with missing mass cut and
appropriate pion energy cut in each sub-sample. It is demanded that the mass of the missing particle of an mixed
event should be the same as original events. The optimum pion energy cut for different missing mass is found in
the same way as the exclusive case. It is found that the best pion energy cut is sensitive to the missing mass.
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FIGURE 5.15: The optimum pion energy cut as a function of the third particle mass mX of inclusive reaction
γ p→ π0π0X at incident photon energies of 900 MeV (left) and 1100 MeV (right).
In order to find the optimum pion energy cut, nine data samples of inclusive reaction γ p→ π0π0X are generated
and mixed by using this mixing method. The masses of the missing particle X are assigned as mp− 100MeV ,
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mp−50MeV , mp, mp +50MeV , mp +100MeV , mp +150MeV , mp +200MeV , mp +250MeV and mp +300MeV ,
respectively, where mp is the mass of the proton. Different pion energy cut conditions are tried in the event mixing.
Each ratio between the Q distribution of the original sample and that of the mixed events is fitted by the function
y = a+ bx and the slope parameter b is plotted as a function of pion energy cut value. Fig. 5.16 and 5.17 show
b as a function of pion energy cut at different missing particle masses for the cases of incident photon energies
Eγ = 0.9 GeV and Eγ = 1.1 GeV, respectively.
The optimum pion energy cut should get a flat correlation function, which means the fitted slope parameter b
should get the value 0. The best pion energy cut is found by the cross point between the y = 0 line and the plot
of b versus pion energy cut which is fitted by a 4 order of polynomial. Fig. 5.15 shows the optimum pion energy
cut as a function of the missing particle mass mX of inclusive reaction γ p→ π0π0X at incident photon energies of
900 and 1100 MeV.
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FIGURE 5.16: The slope parameter b as a function of pion energy cut at different third particle masses (or missing
particle mass) for γ p→ π0π0X reaction. The missing particle mass m3 is indicated by the text in each pad. The
incident photon energy is 900 MeV.
5.2.1 Monte Carlo study of the event mixing technique for the inclusive reaction γ p→
π0π0X
Monte Carlo simulation is used to test the event mixing method for the inclusive reaction γ p→ π0π0X . The
procedure is very similar to the case of the exclusive reaction γ p→ π0π0 p. The only difference is that we generate
Chapter 5. Bose-Einstein correlations between two neutral pions 101
)γ E×Pion Energy Cut (
0.15 0.2 0.25 0.3 0.35
Sl
op
e
-2
-1
0
1
0.300
0.310
0.320
)γ E×Pion Energy Cut (
0.2 0.25 0.3 0.35 0.4
Sl
op
e
-1
-0.5
0
0.5
0.326
0.334
0.342
)γ E×Pion Energy Cut (
0.2 0.25 0.3 0.35 0.4
Sl
op
e
-0.5
0
0.371
0.393
0.382
)γ E×Pion Energy Cut (
0.25 0.3 0.35 0.4 0.45
Sl
op
e
-0.5
0
0.5
0.388
0.412
0.400
)γ E×Pion Energy Cut (
0.3 0.35 0.4 0.45 0.5
Sl
op
e
-0.5
0
0.5
0.421
0.428
0.435
)γ E×Pion Energy Cut (
0.35 0.4 0.45 0.5 0.55
Sl
op
e
-0.5
0
0.5
0.441
0.456
0.471
)γ E×Pion Energy Cut (
0.45 0.5 0.55
Sl
op
e
-0.2
0
0.2
0.499
0.493
0.505
)γ E×Pion Energy Cut (
0.45 0.5 0.55 0.6 0.65
Sl
op
e
-0.2
0
0.2
0.4
0.531
0.545
0.538
)γ E×Pion Energy Cut (
0.45 0.5 0.55 0.6 0.65
Sl
op
e
-0.2
0
0.2
0.551
0.557
0.563
m3=mp-100MeV m3=mp-50MeV m3=mp
m3=mp+50MeV m3=mp+100MeV m3=mp+150MeV
m3=mp+200MeV m3=mp+250MeV m3=mp+300MeV
FIGURE 5.17: The slope parameter b as a function of pion energy cut at different third particle masses. The missing
particle mass is indicated by the text in each pad. The incident photon energy is 1100 MeV.
γ p→ π0π0X events with the missing particle mass mX having a distribution similar to that in Fig. 5.14. This is
done by combining two Gaussian distributions together with certain weight for each one. Here we assign the first
one with µ = 938 MeV, σ = 70 MeV and weight of 0.7, and the second one with µ = 1200 MeV, σ = 80 MeV
and weight of 0.3. Fig. 5.18 shows the missing mass distribution produced in this way. We generated one event
sample which is free of BE effects and eight BE samples with different combinations of BE parameters r0 and λ2.
Incident photon energy Eγ and BE parameters λ2 and r0 are listed in Table 5.2.
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FIGURE 5.18: The missing particle mass distribution for the inclusive reaction γ p→ π0π0X produced by Monte
Carlo simulation.
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TABLE 5.2: Combinations of BE parameters λ2 and r0 for Monte Carlo samples of the inclusive reaction γ p→
π0π0X .
Event Sample Eγ (GeV) r0 (fm) λ2
noBE 1.1 −− −−
BE,1 1.1 0.4 1.0
BE,2 1.1 0.7 1.0
BE,3 1.1 1.0 1.0
BE,4 1.1 1.3 1.0
BE,5 1.1 0.4 0.5
BE,6 1.1 0.7 0.5
BE,7 1.1 1.0 0.5
BE,8 1.1 1.3 0.5
The developed event mixing method for the inclusive reaction γ p→ π0π0X is used to construct the mixed events
for all of the Monte Carlo BE/noBE samples. Missing mass cut and the optimum pion energy cut Emaxπ /Eγ =
1.1−0.64Eγ (Eγ in the unit of GeV ) are required in the mixing. It is also demanded that two events can only be
mixed when their missing particles masses are close enough : |mX1−mX2|< 20MeV .
The corresponding correlation functions (the ratio of the Q distribution of BE sample to that obtained by event
mixing) are shown in Fig.5.19. For comparison, the ratio between the Q distribution of each BE sample and that
of noBE sample is also shown. For the noBE sample, this event mixing method make a flat distribution of the
correlation function. For the BE samples, we observe the BE effects as we input in the simulation, which indicates
this method can be used to observe BE effects for the inclusive reaction γ p→ π0π0X . For extracting the BE
parameters r0 and λ2, however, this method doesn’t perform as good as that in the exclusive case. As long as
the λ2 is concerned, this method underestimate its value compared to the inputed one. And the r0 parameters are
overestimated in most cases. This will introduce a big systematic error in the BEC analysis. The masses of the
missing particles both in the mixed events and the original events are shown in Fig. 5.20. Good agreement is
found between them.
The same simulation was done again, where the third particle mass has a Gaussian distribution with µ = 938 MeV
and σ = 50 MeV. The correlation functions and missing mass distribution are shown in Fig. 5.21 and 5.22.
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FIGURE 5.19: The ratios (NBE(Q)/NMix(Q)) between the Q distributions of the generated BE/noBE samples to
those from the mixed events. The ratio NBE(Q)/NPS(Q) of NBE(Q) to that of pure phase space sample is also
shown in each panel for comparison. Red lines show the fit results for the ratio NBE Q/NMix(Q) and the fitted BE
parameters are shown in each pad by red text.
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FIGURE 5.20: Missing particle (or the third particle) mass for mixed events 2π0X . For comparison, the mass of the
missing particle of the original event is shown as well.
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FIGURE 5.21: The ratios (NBE(Q)/NMix(Q)) between the Q distributions of the generated BE/noBE samples to
those from the mixed events. The ratio NBE(Q)/NPS(Q) of NBE(Q) to that of pure phase space sample is also
shown in each panel for comparison. Red lines show the fit results for the ratio NBE Q/NMix(Q) and the fitted BE
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a Gaussian distribution with µ = mp and σ = 50MeV .
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5.3 Treatment of photon cluster overlapping
Photon cluster overlapping is a fatal problem in the event mixing for two neutral pions. For the FOREST data,
a neutral pion is reconstructed by its decayed two photons. When taking two pions from different events, we
actually take two photons from one event and other two photons from another event. As for FOREST detector,
a photon is identified by corresponding electromagnetic shower, which commonly extend to several adjacent
detector modules. All corresponded detector modules is grouped into a cluster. This means FOREST cannot
distinguish two photons if their clusters are too close. As a result, the detection efficiency is low when the two
photons relative angle is very small.
We here estimate the acceptance dependence on the relative angle between two photons by using the simulator
RFP. Phase space events were generated and the detector response are simulated. All events were propagated
through the same event selection criterion as in the real data analysis. The defection efficiency was obtained by
comparing the final reconstructed events with the generated events. Fig. 5.23 Shows the event density in term
of the two photons angle difference for the generated data (gn) and the reconstructed events (rc). The detection
efficiency is shown in Fig. 5.24 as a function of the incoming photon energy. Fig. 5.25 shows the same as Fig.
5.24 but focus on the region 0o−50o.
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FIGURE 5.23: Distribution of the relative angle between any pairs of two photons for the generated events and the
reconstructed events.
To coincide with this situation for the real data, mixed event with overlapping photon clusters should be rejected
as well. To make things clear, it is demanded that there is no two photon clusters with any overlapping detector
modules both for the real data and mixed events.
To study the effect of the cluster overlapping treatment on the BEC analysis for real data, we perform event mixing
for a Monte Carlo simulated sample (named RFS simulation). In the simulation, phase space γ p→ π0π0 p events
are generated and send to the detector simulation. The smeared events by the detector simulation are mixed. Fig.
5.26 shows the correlation functions for 2π0 obtained with cluster overlapping treatment (left) and without the
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FIGURE 5.24: Detection efficiency for the γ p→ 2π0 p→ 4γ p reaction as a function of two photons relative angle.
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FIGURE 5.25: The same as Fig. 5.24 but only the part in the region 0o−500 is shown.
treatment (right). A flat distribution of the correlation function is obtained with the overlapping treatment, while a
skewed distribution is shown without this treatment. This study shows that the treatment of the cluster overlapping
has a big effect on the event mixing and must be used in the mixing.
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FIGURE 5.26: Upper: Q distributions for RFS data (NRFS(Q)) and mixed events (Nmix(Q)). Lower: The ratio
NRFS(Q)/Nmix(Q). The left is the results obtained with cluster overlapping treatment while the right without the
treatment. In this example, the RFS data is obtained by generating pure phase space data and sending it to the
detector simulation and surviving the same event selection as for real data. The incident photon energy is from 1.11
to 1.13 GeV.
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5.4 Summary of the event mixing technique
All factors essential for the event mixing method used in BEC analysis are discussed in the previous sections. A
short summary of this method is given here. Events in real data will be mixed in three steps. Fig. 5.27 illustrates
these three steps schematically. First, original events which fail to satisfy the optimum pion energy cut condition
Emaxπ /Eγ = 1.1− 0.64Eγ (Eγ in the unit of GeV ) are rejected. In the second step, the original event sample is
divided into sub-samples in terms of the third particle mass mX of each event. Finally, in each sub-sample, events
will be mixed only if missing mass cut is satisfied and any photon cluster doesn’t overlap with all other photon
clusters. The cut window for the missing mass cut is set to be 10 MeV . It should be pointed out that the exclusive
case is just a special case for the inclusive case. This event mixing method is capable both for the inclusive the
exclusive cases.
…
…
satisfy pion !
energy cut
Step 1
mX
Step 2
mixed events
Step 3
Event mixing
×
FIGURE 5.27: Schematic illustration of event mixing for real data.
In order to judge the performance of this method, A Monte Carlo sample, which is produced by generating pure
phase-space γ p→ π0π0 p events and sending it to the detector simulation and making it pass through the same
event selection criterion as that for the real FOREST data, is mixed by the same event mixing procedure. Fig. 5.28
shows the correlation functions for π0π0. Flat distributions of correlation functions at various incident photon
energy bins are obtained, indicating this event mixing technique works well and it can be used for the real data.
The missing mass distributions for the original events and mixed events are shown in Fig. 5.29. The shapes of the
missing mass distributions for the original data are reproduced by the event mixing method.
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FIGURE 5.28: Distributions of C2(Q) for 2π0 from the simulated γ p→ π0π0 p events and the result of the fit by
equation (5.1). The solid circles represent data points and the solid line indicates the fit results.
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FIGURE 5.29: Distributions of missing mass both for the simulated events of the γ p→ π0π0 p reaction and the
mixed events.
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5.5 BEC results from real data
5.5.1 Raw BEC results
Employing the event mixing method developed in the last sections, we obtained the the results of the Bose-Einstein
correlations in 2 π0 emitted from the exclusive reaction γ p→ π0π0 p and inclusive reactions γ p→ π0π0X and
γd→ π0π0X . We here present these results.
The BEC results for the exclusive reaction γ p→ π0π0 p are shown in Fig. 5.30, 5.31 and 5.32. Fig. 5.30 shows
the correlation functions at different incident photon energy bins. Fig. 5.31 shows the Q distributions both for
the original and mixed events. Fig. 5.32 shows the missing mass distributions both for the original events and the
mixed events.
The BEC results for the inclusive reaction γ p→ π0π0X are given in Fig. 5.33, 5.34 and 5.35. Fig. 5.33 shows the
correlation functions at different energy bins. Fig. 5.34 shows the Q distributions both for the original and mixed
events. Fig. 5.35 shows the missing mass distributions both for the original events and mixed events.
In Fig. 5.36, 5.37 and 5.38, are shown the BEC results for the inclusive reaction γd→ π0π0X . Fig. 5.36 shows
the correlation functions. Fig. 5.37 shows the Q distributions both for the original and mixed events. Fig. 5.38
shows the missing mass distributions both for the original events and the mixed events.
As can be seen in the experimental correlation functions, BEC-like enhancements at low Q regions can be eas-
ily observed at higher energy bins, while at low energy bins some bump structures are observed. A reasonable
explanation of such bump structures is still missing. More detailed studies are required to investigate this phe-
nomenon. The dimension parameter r0 and chaoticity parameter λ2 are extracted by fitting the equation (5.1) to
the correlation function.
We do not intend to discuss the BEC results without a discussion about the effects of special kinematics (like ∆
sequential decay) of the 2π0 channel, because the event mixing method, developed based on pure phase space
kinematics, might be affected by the special kinematics.
The Dalitz plots for γ p→ π0π0 p indicates the ∆ sequential decay is the dominant contribution to this channel
both in the second and third resonance regions. There might also be a minor contribution from the P11(1440)→
p(π0π0)I=0S−wave decay. Thus, we mainly investigate the effects of these two processes on the BEC analysis. This
will be described later in sections 5.5.2 and 5.5.3.
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FIGURE 5.30: Distributions of C2(Q) for 2π0 in γ p→ π0π0 p and the result of fitting by equation (5.1). The solid
circles represent data points and the solid lines indicate the fitting results. FOREST dataset 2009D is used.
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FIGURE 5.31: Q Distributions both for the real events and the mixed events for the γ p→ π0π0 p reaction.
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FIGURE 5.32: Distributions of the missing mass mX for the hypothesis γ p→ π0π0X . The results both for the real
events and the mixed events for the γ p→ π0π0 p reaction are shown.
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FIGURE 5.33: Distributions of C2(Q) for 2π0 in γ p→ π0π0X and the results of fitting by equation (5.1). The solid
circles represent data points and the solid lines indicate the fitting results. FOREST dataset 2009D is used.
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FIGURE 5.34: Q Distributions both for the real events and the mixed events for the γ p→ π0π0X reaction.
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FIGURE 5.35: Distributions of the missing mass both for the real events and the mixed events for the γ p→ π0π0X
reaction.
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FIGURE 5.36: Distributions of C2(Q) for 2π0 in γd→ π0π0X and the results of fitting by equation (5.1). The solid
circles represent data points and the solid lines indicate the fitting results. FOREST dataset 2009D is used.
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FIGURE 5.37: Q Distributions both for the real events and the mixed events for the γd→ π0π0X reaction.
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FIGURE 5.38: Distributions of the missing mass both for the real events and the mixed events for the γd→ π0π0X
reaction.
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5.5.2 Effects of ∆ sequential decay on BEC analysis
We here investigate the effects of the ∆ sequential decay on the BEC analysis with a Monte Carlo simulation. In
the simulation, a sample of γ p→ ∆π0→ p2π0 events are generated, where the mass of the ∆ has a Breit-Wigner
distribution with mass of 1232 MeV and width Γ = 117 MeV . Fig. 5.39 shows the mass distribution of the
generated ∆. Fig. 5.40 shows the spectra of the pπ0 invariant mass and the energy of π0 for the Monte Carlo
sample. Fig. 5.41 and 5.42 show the Dalitz plots.
hmdelta_free
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Mean    1.236
RMS    0.1511
 mass (GeV)∆
0.6 0.8 1 1.2 1.4 1.6 1.80
1000
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 mass limit0πp
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FIGURE 5.39: The mass distribution of ∆ and the kinematic limits due to the ∆ sequential decay. The incoming
photon energy is 1100 MeV.
As can be seen in Fig. 5.40, the kinematical behavior of the ∆ decayed π0 is different from another π0, especially
when the incidental photon energies are greater than 1.0 GeV . It shows that the ∆ decayed π0s tend to share
a relatively smaller momentum compared to the other one. Such properties should be taken into account when
performing the event mixing, which will be discussed later. The m(p,π0) spectra also show that the ∆ resonance
results in a shoulder structure in the higher side when Eγ greater than 1.0 GeV , which can also be easily found in
the Dalitz plot as shown in Fig. 5.41. In the experimental results of the Dalitz plots, the shoulder structures are
obviously observed, indicating that ∆ sequential decay is dominant for the γ p→ p2π0 channel.
The event mixing method which is developed based on the γ p→ p2π0 reaction (see section 5.4), is applied for
this Monte Carlo sample to get the correlation function of 2π0. In Fig. 5.43 are shown the correlation functions.
As can be seen in the plots, the correlation functions exhibit an increasing tendency with Q going up when the
incident photon energies greater than 1.0 GeV. In addition, the plots show a bump structure in the tail of the
correlation functions. When the incoming photon energies below 1.0 GeV, a roughly flat distribution is observed
in conjunction with some minor bump structure in the tail.
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FIGURE 5.40: The spectra of pπ0 invariant mass (upper) and π0 energy (lower) as a function of the incident photon
energy for the Monte Carlo events γ p→ ∆π02 → pπ01 π02 .
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FIGURE 5.41: Two dimensional plots of m2
π0π0
versus m2
π0 p as a function of the incident photon energy Eγ for the
Monte Carlo generated events γ p→ ∆π0→ pπ0π0.
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FIGURE 5.42: Two dimensional plots of m2
π0 p versus m
2
π0 p as a function of the incident photon energy Eγ for the
Monte Carlo generated events γ p→ ∆π0→ pπ0π0.
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FIGURE 5.43: Correlation functions of 2 π0 for the Monte Carlo sample γ p→ ∆π0→ p2π0 at different incident
photon energies, indicated by the text in each pad. These results are obtained with the event mixing method that is
developed based on the pure phase space events γ p→ 2π0 p (see section 5.4).
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5.5.3 Effects of σ decay on BEC analysis
Here we study the effects of the P11(1440)→ p(π0π0)I=0S−wave decay on the BEC analysis with a Monte Carlo
simulation. Generally, the correlated two pions in a S-wave is sometimes seen as a very broad particle, the σ meson
with mass about 500 MeV and width∼ 500 MeV . We produced a Monte Carlo sample of γ p→P11(1440)→ pσ→
p2π0 events. Fig. 5.44 shows the mass distribution of the generated σ and a typical Q distribution of the 2π0.
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FIGURE 5.44: Left: The mass distribution of σ and the corresponding kinematic limits due to the process σ →
2π0 and energy-momentum conservation. Right: A typical distribution of the invariant mass of the relative four-
momentum of 2π0. The incoming photon energy is 1100 MeV.
The same event mixing process (see section 5.4) is employed for this Monte Carlo sample to get the correlation
functions of 2π0. In Fig. 5.45 are shown the correlation functions at different incoming photon energies. As can be
seen in the plots, the correlation functions exhibit a roughly flat distribution. However, some abnormal structures
of the correlation functions are observed. In the very beginning and the very end of the correlation functions, sharp
enhancements are observed. The sharp enhancement at low Q region may lead to a misidentification of the BEC
enhancement. But this misidentification can be negligible because the σ contribution is minor compared to the ∆
contribution, which will be discussed later. Fig. 5.46 shows the Q distributions of 2π0 both for the original events
and the mixed events.
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FIGURE 5.45: Correlation functions of 2 π0 for the Monte Carlo events γ p→ P11(1440)→ pσ→ p2π0 at different
incident photon energies, indicated by the text in each pad. These results are obtained with the event mixing method
that is developed based on the pure phase space events γ p→ 2π0 p (see section 5.4).
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FIGURE 5.46: Q distributions for the Monte Carlo sample γ p→ P11(1440)→ pσ → p2π0 at different incident
photon energies.
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5.5.4 Effects of combined sample of ∆ sequential decay and σ decay
Although the Dalitz plots show that the ∆ sequential decay is the dominant contribution to the double pion channel,
we don’t know the exact contribution of this process and how much the σ process contribution accounts for. We
here study the combing effects of these two processes by using a toy simulation, where some events are from
the ∆ process and the remaining events are from the σ decay. Because the ∆ contribution is dominant, there is
no reason for one to include more than half events from σ process. I here perform two simulations. In the first
one, the ∆ contribution accounts for 50%, while in the second one it accounts for 80%. Fig. 5.47 shows the
correlation functions obtained in the first simulation. In Fig. 5.48 are given the correlations functions from the
second simulation.
These toy simulations show that even though the contribution of σ process accounts for up to 50%, the whole
effects can not leads to an BEC-like enhancement when Q close to 0. This means that the special kinematical
effects of σ decay can not explain the enhancement at low Q in the correlation function obtained from the real
experimental data. The experimental observed enhancement is more likely due to the BEC effects of two pions.
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FIGURE 5.47: Correlation functions for the combined sample that consists of ∆ sequential decay events and σ
decay events. In this sample, the ∆ contribution accounts for 50% and the σ contribution accounts for 50%. These
results are obtained with the event mixing method that is developed based on the pure phase space events γ p→ 2π0 p
(see section 5.4).
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FIGURE 5.48: Correlation functions for the combined sample which consists of ∆ sequential decay events and σ
decay events, where the ∆ contribution accounts for 80% and the σ contribution accounts for 20%. These results
are obtained with the event mixing method that is developed based on the pure phase space events γ p→ 2π0 p (see
section 5.4).
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5.5.5 Improved event mixing method
Since the Dalitz plots indicate that the dominant contribution to the double π0 channel is from the ∆ sequential
decay, corresponding improvements should be made for the event mixing method. Monte Carlo simulations for
the γ p→ ∆π0→ pπ0π0 events are performed to tune the mixing method.
As for the γ p→ ∆π02 → pπ01 π02 process at incident photon energies above 900 MeV, at most times the π01 shares
a relative small momentum compared to the π02 . Thus, it is better to exchange two pions both with lower/higher
energies from two different events when performing the event mixing. Fig. 5.49 demonstrates this special mixing
process.
Because the event mixing method is also sensitive to the pion energy cut condition, we repeat the same procedure
as in the case of pure phase space events γ p→ pπ0π0 to find the new optimum pion energy cut. The new pion
energy cut condition is found to be Eπ/Eγ < (2.5− 1.6Eγ) ∗ (1.1− 0.64 ∗mX ), where both the Eγ and mX are in
the units of GeV .
With this special treatment and the new pion energy cut, we obtain the new results of the correlation functions for
the Monte Carlo sample with pure ∆ contribution as shown in Fig. 5.50. The simulation results show that the new
special treatment in the mixing method can give a flat distribution for the correlation function. Thus, we can use
this special treatment to extract BE parameters r0 and λ2 if all contributions to the double pion channel are from ∆
sequential decays.
We test this improved method with the Monte Carlo events of γ p→ ∆π0 → pπ0π0 with Bose-Einstein effects.
Fig. 5.51 shows the correlation functions from the Monte Carlo events with input BE parameters r0 = 0.8 f m
and λ2 = 0.5. Fig. 5.52 shows the correlation functions from the Monte Carlo events with input BE parameters
r0 = 0.8 f m and λ2 = 1.0.
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FIGURE 5.49: Illustration of swapping two pions in two different events in the improved event mixing method.
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FIGURE 5.50: Correlation functions for the Monte Carlo events of γ p→ ∆π0→ pπ0π0. These results are obtained
with the improved event mixing method.
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FIGURE 5.51: Correlation functions for the Monte Carlo events of γ p→ ∆π0→ pπ0π0 with Bose-Einstein effects
(r0 = 0.8 f m and λ2 = 0.5). These results are obtained with the improved event mixing method..
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FIGURE 5.52: Correlation functions for the Monte Carlo events of γ p→ ∆π0→ pπ0π0 with Bose-Einstein effects
(r0 = 0.8 f m and λ2 = 1.0). The results are obtained with the improved event mixing method..
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5.5.6 Extraction of BE parameters with the improved event mixing method
With the improved event mixing method, we extract the BE parameters r0 and λ2 for the exclusive reaction γ p→
π0π0 p and inclusive reactions γ p→ π0π0X and γd→ π0π0X , and present these results.
Fig. 5.53 shows the correlation functions for 2π0 in the exclusive reaction γ p→ π0π0 p at different energy bins.
Fig. 5.54 shows the correlation functions for 2π0 from the inclusive reaction γ p→ π0π0X at different energy
bins. Fig. 5.55 shows the correlation functions for 2π0 from the inclusive reaction γd→ π0π0X . The dimension
parameter r0 and chaoticity parameter λ2 are extracted by fitting the equation (5.1) to the correlation function.
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FIGURE 5.53: Correlation functions C2(Q) for γ p→ 2π0 p, obtained with the improved event mixing method, in
which one event is mixed with up to 20 other events. The FOREST dataset 2009A, 2009B, 2009C and 2009D are
used. In the plots, only statistic errors are shown.
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FIGURE 5.54: Correlation functions C2(Q) for the inclusive reaction γ p→ 2π0X at different incident photon energy
bins, obtained with the improved event mixing method, in which one event is mixed with up to 20 other events. The
FOREST dataset 2009A, 2009B, 2009C and 2009D are used. In the plots, only statistic errors are shown.
We summarize the results of the BEC analysis for 2 π0 from the exclusive reaction γ p→ π0π0 p and the inclusive
reactions γ p→ π0π0X and γd→ π0π0X in Fig. 5.56 and Table 5.3.
The dimension parameter r0 and the chaoticity parameter λ2 for the emitting source are shown as a function of the
incident photon energy Eγ . Within error bars, the radii r0 obtained from the three different reaction channels are
in good agreement. And the r0 values demonstrate a constant distribution over the incident photon energy within
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FIGURE 5.55: Correlation functions C2(Q) for γd→ 2π0X at different incident photon energy bins, obtained with
the improved event mixing method, in which one event is mixed with up to 20 other events. The FOREST dataset
2009A, 2009C and 2009D are used. In the plots, only statistic errors are shown.
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FIGURE 5.56: (color online) The dimension parameter r0 (left) and the chaoticity parameter λ2 (right) for the
emitter source as a function of the incident photon energy Eγ obtained by the BEC analysis for 2 π0 from the
exclusive reaction γ p→ π0π0 p and the inclusive reactions γ p→ π0π0X and γd→ π0π0X .
error bars. This result indicates that the size of the 2 π0 emitting source is independent of the incident photon
energy.
The λ2 parameter is also extracted in the fitting to the correlation functions. The results demonstrate a constant
values ∼ 0.5 at all energy bins and good consistency between different data samples is found.
Finally, weighted average values for the r0 and λ2 over Eγ are obtained:
(1) For γ p→ π0π0 p,
r0 = 1.07±0.05, λ2 = 0.43±0.05.
(2) For γ p→ π0π0X ,
r0 = 1.08±0.03, λ2 = 0.61±0.02.
(3) For γd→ π0π0X ,
r0 = 0.99±0.02, λ2 = 0.56±0.01.
(4) For the combined three samples together,
r0 = 1.02±0.01, λ2 = 0.57±0.01.
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TABLE 5.3: The dimension parameters r0 and the chaoticity parameters λ2 for the 2 π0 emitting source obtained
by the BEC analysis for 2 π0 from the exclusive reaction γ p→ π0π0 p and the inclusive reactions γ p→ π0π0X and
γd→ π0π0X .
Eγ (GeV) r0 (fm) λ2 χ2/nd f
γ p→ π0π0 p
1.13-1.15 1.10±0.24 0.48±0.23 5.50/8
1.11-1.13 0.89±0.18 0.41±0.14 4.21/8
1.09-1.11 1.10±0.17 0.59±0.18 6.54/5
1.07-1.09 1.02±0.12 0.39±0.11 12.28/8
1.05-1.07 1.18±0.15 0.44±0.13 15.49/8
1.03-1.05 1.10±0.12 0.38±0.11 32.92/8
1.01-1.03 0.96±0.15 0.35±0.11 16.04/8
0.99-1.01 1.18±0.12 0.61±0.14 10.21/8
γ p→ π0π0X
1.13-1.15 1.19±0.16 0.47±0.10 4.14/6
1.11-1.13 1.18±0.18 0.44±0.09 4.52/6
1.09-1.11 1.02±0.09 0.51±0.07 17.94/6
1.07-1.09 1.08±0.08 0.55±0.06 12.00/6
1.05-1.07 1.17±0.08 0.62±0.06 21.29/6
1.03-1.05 1.06±0.06 0.69±0.05 18.71/6
1.01-1.03 1.00±0.07 0.61±0.05 17.22/6
0.99-1.01 1.09±0.05 0.72±0.05 7.74/6
γd→ π0π0X
1.13-1.15 1.09±0.13 0.52±0.08 17.07/10
1.11-1.13 1.14±0.10 0.57±0.07 33.85/10
1.09-1.11 1.03±0.08 0.54±0.06 29.35/10
1.07-1.09 0.99±0.06 0.50±0.04 39.28/10
1.05-1.07 0.92±0.05 0.51±0.03 35.04/10
1.03-1.05 0.97±0.04 0.55±0.03 45.57/10
1.01-1.03 1.03±0.05 0.62±0.04 49.21/10
0.99-1.01 0.97±0.03 0.60±0.03 46.73/10
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5.5.7 Effects of accidental events on the BEC analysis
We here discuss the effects of accidents events on the BEC analysis. In calculating cross section, we can easily
estimate the amount of accidental coincident events in the prompt time window and subtract it from all prompt
events. However, in the BEC analysis, treating the accidental events is difficult because the reference sample is
made by event mixing method and we can not distinguish between true coincident events and accidental events
one by one.
Fig. 5.57 shows the time different ∆t between the tagger and the average time of two π0 which are reconstructed
by the event selection of γ p→ 2π0 p with confidence level cut CL ≥ 0.2. For events in the prompt time window
[-1.5,1.5] ns, about 7% of them are accidental events. To investigate the behavior of the accidental events in the
BEC analysis, we adopt the sideband events (indicated by ‘accidental (a)/(b)’ in Fig.5.57) and perform the BEC
analysis with the improved event mixing method. Fig. 5.58 shows the correlation functions from the accidental
events. The behavior of these correlation functions is not significant different from that for the coincident events.
And they show a flat distribution at almost every energy bins with a tail structure at the end due to the event mixing
method. In this sense, we intend to make the conclusion that the accidental events would not affect the BEC results
significantly and its effect can be negligible.
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FIGURE 5.57: Time difference between the tagger and the average time of two π0 detected in FOREST. The texts
(a) and (b) in the plot indicate the zones used to estimate the number of accidental events under the prompt peak. If
the prompt time window is assigned as [-1.5,1.5] ns, roughly 7% events in this window are accidental events.
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FIGURE 5.58: Correlation functions at different incident photon energies for the accidental γ p→ 2π0 p events.
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5.5.8 Systematic uncertainties
The systematic uncertainties on the BEC parameters, r0 and λ2, are estimated by varying the analysis procedure
and comparing the corresponding results. These two parameters in the fitting are obviously correlated. But here
we estimate their systematic errors separately.
A big source of the systematic uncertainties is the event mixing technique. Although the missing mass and pion
energy cuts work well to eliminate the correlation of two pions arising from energy-momentum conservation
and to get a quite flat correlation function, this event mixing method still introduces a big systematic error when
extracting the r0 and λ2.
To discuss the systematic error due to the event mixing method itself, we rely mainly on the Monte Carlo simu-
lation. As shown in Fig. 5.51 and Fig. 5.52, where the correlation functions are obtained for the Monte Carlo
γ p→ 2π0 p events with BE effects, the improved event mixing method underestimate the λ2 values—the fitted λ2
value averagely accounts for∼70% of the input one in the energy region 1.0 GeV ≤Eγ ≤ 1.15 GeV . Therefore, the
fitted value of λ2 must be corrected. Similar systematic bias also happens to r0, and corresponding corrections are
required. In Table 5.4 is listed the correction coefficients by which the experimental BE parameters are multiplied
to get the corrected values.
Remember that the improved method is based upon the assumption that all the γ p→ 2π0 p events are from ∆
sequential decay. Although this assumption is quite reasonable—Dalitz plots confirmed the dominant contribution
from ∆—100% contribution is not the exact process for the two π0 channel. Unfortunately, there is no conclusion
of the exact contribution from ∆ sequential decay. Our strategy is to estimate two BEC results based two limits,
100% ∆ contribution and 100% three body phase space contribution, and then to calculate the average value
between these two results. The true value should be between these two limits. And we treat the difference
between these two extreme results as a systematic error. In each extreme assumption, the correction for r0 and λ2
are needed. The corresponding correction coefficients are listed in Table 5.4.
The variations of the pion identification criteria (different CL cuts and photon energy threshold cuts) are also stud-
ied. The results are listed in Table 5.5, 5.6 and 5.7. The uncertainties introduced by this effect can be negligible.
The variations in BEC results caused by changing the fitting region in Q are listed in Table 5.8, 5.9 and 5.10. These
variations introduce a systematic error for r0 up to 0.04 fm. And the λ2 uncertainties can be negligible.
The systematic errors due to the binning in Q is also investigated (see Table 5.11). It is found that this effect can
be negligible.
The total systematic uncertainties caused by above mentioned sources are obtained by making a quadratic adding
for all the contributions. The overall systematic uncertainty for r0 is 0.04 fm. The λ2 uncertainty is introduced by
the two extreme contribution assumption, and it’s value is just the half of the difference between these two extreme
BEC results. Finally the systematic error of λ2 is found to be 0.23. Because the difference of r0 between these
two limitation is accidentally 0, the corresponding systematic error is 0.
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Different assumptions of dominant process for the 2 π0 channel
TABLE 5.4: BEC results from the simulation with different assumptions of dominant process for the γ p→ 2π0 p
reaction. In the end of each assumption, the correction coefficients (Cor.) for r0 and λ2 are given.
Eγ (GeV) r0 (fm) λ2 χ2/nd f
Combination (1): 100% ∆, 0% phase space
BEC input: r0 = 0.8 f m, λ2 = 0.5
1.15 1.00±0.08 0.40±0.08 6.71/6
1.10 0.64±0.10 0.32±0.05 12.15/9
1.05 0.84±0.09 0.31±0.04 16.61/9
1.00 0.88±0.07 0.37±0.04 9.11/9
Cor. 0.93 1.47
BEC input: r0 = 0.8 f m, λ2 = 1.0
1.15 1.07±0.11 0.62±0.09 12.18/9
1.10 0.97±0.07 0.60±0.06 19.11/9
1.05 0.90±0.06 0.57±0.05 8.42/9
1.00 0.94±0.04 0.68±0.05 18.64/9
Cor. 0.85 1.61
Ave. Cor. 0.89 1.54
Combination (2): 0% ∆, 100% phase space
BEC input: r0 = 0.8 f m, λ2 = 0.5
1.15 1.05±0.09 0.77±0.09 9.81/9
1.10 0.85±0.05 0.80±0.06 13.06/9
1.05 0.91±0.05 0.82±0.06 14.76/9
1.00 0.83±0.04 0.74±0.04 8.56/9
Cor. 0.92 0.65
BEC input: r0 = 0.8 f m, λ2 = 1.0
1.15 1.06±0.06 1.19±0.10 15.46/9
1.10 0.88±0.04 1.13±0.07 7.77/9
1.05 0.96±0.04 1.23±0.07 18.70/9
1.00 0.90±0.03 1.15±0.05 7.95/9
Cor. 0.86 0.85
Ave. Cor. 0.89 0.75
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Variation of the pion identification criteria
TABLE 5.5: BEC results with different pion identification criteria for the γ p→ 2π0 p reaction. In the table, the
”CL” indicates the confidence level cut for the event selection, and the Ethrphoton represents the threshold of the
photon energy in the FOREST detector. Here, the FOREST dataset 2009D is used.
Eγ (GeV) r0 (fm) λ2 χ2/nd f
CL≥ 20%, Ethrphoton ≥ 50 MeV (default)
1.13-1.15 0.89±0.14 0.67±0.19 11.48/17
1.11-1.13 0.92±0.13 0.60±0.16 5.44/19
1.09-1.11 1.18±0.23 0.44±0.21 9.97/19
1.07-1.09 0.90±0.17 0.19±0.09 27.45/19
1.05-1.07 1.08±0.14 0.47±0.13 33.48/19
1.03-1.05 1.09±0.16 0.35±0.13 12.97/19
1.01-1.03 0.96±0.14 0.41±0.12 11.33/19
0.99-1.01 1.39±0.15 0.90±0.22 20.48/19
CL≥ 30%, Ethrphoton ≥ 50 MeV
1.13-1.15 0.96±0.12 0.89±0.23 16.50/17
1.11-1.13 0.87±0.13 0.67±0.17 4.09/19
1.09-1.11 1.16±0.28 0.42±0.23 12.09/19
1.07-1.09 0.82±0.25 0.12±0.08 21.79/19
1.05-1.07 1.31±0.19 0.74±0.24 19.97/19
1.03-1.05 1.07±0.18 0.40±0.15 12.01/19
1.01-1.03 0.92±0.12 0.42±0.11 17.42/19
0.99-1.01 1.54±0.17 1.04±0.27 14.59/19
CL≥ 20%, Ethrphoton ≥ 40 MeV
1.13-1.15 0.99±0.17 0.51±0.17 8.33/17
1.11-1.13 0.92±0.10 0.69±0.14 6.44/19
1.09-1.11 1.26±0.18 0.84±0.26 9.75/19
1.07-1.09 0.98±0.12 0.37±0.10 25.08/19
1.05-1.07 1.19±0.13 0.60±0.14 21.86/19
1.03-1.05 1.24±0.13 0.60±0.15 14.18/19
1.01-1.03 1.00±0.09 0.55±0.11 7.89/19
0.99-1.01 1.37±0.11 0.91±0.17 24.96/19
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TABLE 5.6: BEC results with different pion identification criteria for the γ p→ 2π0X reaction.
Eγ (GeV) r0 (fm) λ2 χ2/nd f
CL≥ 20%, Ethrphoton ≥ 50 MeV (default)
1.13-1.15 1.21±0.22 0.52±0.15 8.35/8
1.11-1.13 1.12±0.21 0.46±0.13 4.76/8
1.09-1.11 1.24±0.17 0.54±0.13 4.31/8
1.07-1.09 1.06±0.12 0.42±0.08 9.62/8
1.05-1.07 1.23±0.11 0.63±0.09 22.54/8
1.03-1.05 1.15±0.10 0.62±0.09 16.14/8
1.01-1.03 1.04±0.08 0.61±0.07 12.58/8
0.99-1.01 1.10±0.07 0.74±0.07 16.53/8
CL≥ 30%, Ethrphoton ≥ 50 MeV
1.13-1.15 1.32±0.23 0.61±0.18 8.93/8
1.11-1.13 1.15±0.29 0.50±0.17 7.26/8
1.09-1.11 1.18±0.18 0.50±0.13 7.13/8
1.07-1.09 1.07±0.13 0.44±0.09 12.25/8
1.05-1.07 1.17±0.11 0.60±0.09 16.78/8
1.03-1.05 1.09±0.10 0.59±0.08 12.13/8
1.01-1.03 1.02±0.08 0.62±0.08 9.02/8
0.99-1.01 1.16±0.08 0.83±0.09 15.11/8
TABLE 5.7: BEC results with different pion identification criteria for the γd→ 2π0X reaction.
Eγ (GeV) r0 (fm) λ2 χ2/nd f
CL≥ 20%, Ethrphoton ≥ 50 MeV (default)
1.13-1.15 1.09±0.17 0.55±0.11 2.73/8
1.11-1.13 1.21±0.14 0.59±0.10 17.41/8
1.09-1.11 0.93±0.13 0.47±0.07 13.24/8
1.07-1.09 1.27±0.10 0.65±0.08 23.25/8
1.05-1.07 1.00±0.07 0.56±0.05 17.04/8
1.03-1.05 0.92±0.06 0.54±0.04 24.70/8
1.01-1.03 1.07±0.07 0.61±0.05 13.31/8
0.99-1.01 0.98±0.05 0.60±0.04 29.79/8
CL≥ 30%, Ethrphoton ≥ 50 MeV
1.13-1.15 1.02±0.20 0.48±0.11 6.05/8
Continued on next page
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Table 5.7 – continued from previous page
Eγ (GeV) r0 (fm) λ2 χ2/nd f
1.11-1.13 1.12±0.17 0.52±0.10 14.24/8
1.09-1.11 0.95±0.13 0.50±0.08 10.20/8
1.07-1.09 1.33±0.12 0.68±0.09 19.39/8
1.05-1.07 1.02±0.08 0.57±0.06 20.61/8
1.03-1.05 0.90±0.07 0.53±0.05 19.44/8
1.01-1.03 1.03±0.07 0.58±0.05 10.98/8
0.99-1.01 1.01±0.05 0.62±0.04 41.82/8
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Changing the fitting region in Q
TABLE 5.8: BEC results with different fitting region for the γ p→ 2π0 p reaction.
Fitting region (GeV) r0 (fm) λ2 χ2/nd f
Eγ = 1130−1150MeV
0.00≤ Q≤0.40 0.79±0.36 0.69±0.27 1.67/4
0.00≤ Q≤0.45 0.86±0.27 0.65±0.25 1.77/5
0.00≤ Q≤0.50 0.71±0.25 0.70±0.21 2.39/6
0.00≤ Q≤0.55 0.89±0.19 0.67±0.25 5.74/7
0.00≤ Q≤0.60 0.91±0.18 0.67±0.25 5.86/8
0.00≤ Q≤0.65 0.93±0.18 0.67±0.26 6.44/9
0.00≤ Q≤0.70 0.95±0.18 0.67±0.26 7.73/10
0.00≤ Q≤0.75 0.96±0.18 0.67±0.26 12.74/11
0.00≤ Q≤0.80 0.96±0.18 0.67±0.26 13.04/12
Eγ = 1110−1130MeV
0.00≤ Q≤0.40 0.79±0.36 0.63±0.23 2.37/5
0.00≤ Q≤0.45 0.85±0.25 0.60±0.21 2.45/6
0.00≤ Q≤0.50 0.88±0.21 0.60±0.22 2.48/7
0.00≤ Q≤0.55 0.92±0.19 0.60±0.22 2.72/8
0.00≤ Q≤0.60 0.98±0.18 0.60±0.23 4.84/9
0.00≤ Q≤0.65 1.02±0.18 0.59±0.24 7.79/10
0.00≤ Q≤0.70 1.05±0.19 0.59±0.24 13.11/11
0.00≤ Q≤0.75 1.06±0.19 0.58±0.24 14.72/12
0.00≤ Q≤0.80 1.06±0.19 0.58±0.24 14.85/13
Eγ = 1090−1110MeV
0.00≤ Q≤0.40 0.86±0.56 0.43±0.21 3.00/5
0.00≤ Q≤0.45 1.15±0.36 0.44±0.27 4.55/6
0.00≤ Q≤0.50 1.13±0.34 0.44±0.27 4.59/7
0.00≤ Q≤0.55 1.18±0.33 0.44±0.28 4.99/8
0.00≤ Q≤0.60 1.27±0.34 0.43±0.28 10.25/9
0.00≤ Q≤0.65 1.33±0.36 0.41±0.29 16.11/10
0.00≤ Q≤0.70 1.38±0.38 0.39±0.30 34.92/11
0.00≤ Q≤0.75 1.40±0.39 0.39±0.30 40.07/12
0.00≤ Q≤0.80 1.40±0.39 0.38±0.30 41.77/13
Eγ = 1070−1090MeV
0.00≤ Q≤0.40 0.54±0.51 0.38±0.40 11.69/5
0.00≤ Q≤0.45 0.80±0.30 0.22±0.12 13.14/6
Continued on next page
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Table 5.8 – continued from previous page
Fit region (GeV) r0 (fm) λ2 χ2/nd f
0.00≤ Q≤0.50 0.86±0.26 0.20±0.12 13.39/7
0.00≤ Q≤0.55 0.90±0.25 0.19±0.12 13.73/8
0.00≤ Q≤0.60 0.96±0.24 0.17±0.13 15.85/9
0.00≤ Q≤0.65 1.02±0.26 0.14±0.13 25.20/10
0.00≤ Q≤0.70 1.07±0.30 0.11±0.13 52.66/11
0.00≤ Q≤0.75 1.10±0.33 0.09±0.13 76.29/12
0.00≤ Q≤0.80 1.10±0.34 0.09±0.13 78.23/13
Eγ = 1050−1070MeV
0.00≤ Q≤0.40 0.56±0.57 0.63±0.82 7.40/5
0.00≤ Q≤0.45 1.05±0.25 0.46±0.18 11.13/6
0.00≤ Q≤0.50 0.93±0.22 0.44±0.16 12.14/7
0.00≤ Q≤0.55 1.08±0.20 0.47±0.19 16.74/8
0.00≤ Q≤0.60 1.16±0.21 0.47±0.20 21.47/9
0.00≤ Q≤0.65 1.28±0.24 0.47±0.22 60.96/10
0.00≤ Q≤0.70 1.35±0.27 0.46±0.23 92.99/11
0.00≤ Q≤0.75 1.38±0.28 0.46±0.23 111.03/12
0.00≤ Q≤0.80 1.38±0.28 0.46±0.23 113.38/13
Eγ = 1030−1050MeV
0.00≤ Q≤0.40 0.99±0.31 0.35±0.17 4.58/5
0.00≤ Q≤0.45 1.00±0.27 0.35±0.17 4.58/6
0.00≤ Q≤0.50 1.00±0.25 0.35±0.17 4.59/7
0.00≤ Q≤0.55 1.09±0.23 0.35±0.17 6.49/8
0.00≤ Q≤0.60 1.18±0.24 0.34±0.18 14.13/9
0.00≤ Q≤0.65 1.24±0.26 0.32±0.19 25.92/10
0.00≤ Q≤0.70 1.31±0.29 0.29±0.20 65.40/11
0.00≤ Q≤0.75 1.33±0.30 0.28±0.20 85.92/12
0.00≤ Q≤0.80 1.33±0.30 0.28±0.20 86.63/13
Eγ = 1010−1030MeV
0.00≤ Q≤0.40 0.92±0.32 0.39±0.16 3.08/5
0.00≤ Q≤0.45 0.82±0.27 0.40±0.14 3.27/6
0.00≤ Q≤0.50 0.84±0.22 0.40±0.14 3.29/7
0.00≤ Q≤0.55 0.96±0.19 0.41±0.16 5.66/8
0.00≤ Q≤0.60 1.10±0.19 0.40±0.18 19.69/9
0.00≤ Q≤0.65 1.15±0.20 0.40±0.18 26.25/10
0.00≤ Q≤0.70 1.20±0.22 0.38±0.19 49.23/11
Continued on next page
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Table 5.8 – continued from previous page
Fit region (GeV) r0 (fm) λ2 χ2/nd f
0.00≤ Q≤0.75 1.22±0.23 0.38±0.19 59.65/12
0.00≤ Q≤0.80 1.22±0.23 0.38±0.19 59.93/13
Eγ = 990−1010MeV
0.00≤ Q≤0.40 1.54±0.22 0.93±0.78 2.28/5
0.00≤ Q≤0.45 1.50±0.21 0.93±0.77 2.60/6
0.00≤ Q≤0.50 1.37±0.22 0.89±0.26 10.01/7
0.00≤ Q≤0.55 1.39±0.21 0.90±0.72 10.24/8
0.00≤ Q≤0.60 1.46±0.20 0.92±0.75 18.78/9
0.00≤ Q≤0.65 1.55±0.21 0.94±0.78 55.02/10
0.00≤ Q≤0.70 1.59±0.21 0.94±0.78 83.71/11
0.00≤ Q≤0.75 1.59±0.21 0.94±0.78 86.00/12
0.00≤ Q≤0.80 1.59±0.21 0.94±0.78 86.22/13
TABLE 5.9: BEC results with different fitting region for the γ p→ 2π0X reaction.
Fitting region (GeV) r0 (fm) λ2 χ2/nd f
Eγ = 1130−1150MeV
0.00≤ Q≤0.40 1.21±0.25 0.52±0.15 6.59/5
0.00≤ Q≤0.45 1.20±0.23 0.52±0.15 6.60/6
0.00≤ Q≤0.50 1.15±0.22 0.53±0.15 7.00/7
0.00≤ Q≤0.55 1.21±0.22 0.52±0.15 8.35/8
0.00≤ Q≤0.60 1.23±0.21 0.51±0.15 9.00/9
0.00≤ Q≤0.65 1.24±0.21 0.51±0.15 9.23/10
0.00≤ Q≤0.70 1.25±0.21 0.51±0.15 10.15/11
0.00≤ Q≤0.75 1.26±0.22 0.51±0.15 12.76/12
0.00≤ Q≤0.80 1.26±0.22 0.51±0.15 12.80/13
Eγ = 1110−1130MeV
0.00≤ Q≤0.40 1.10±0.27 0.46±0.12 4.08/5
0.00≤ Q≤0.45 1.06±0.23 0.46±0.12 4.15/6
0.00≤ Q≤0.50 1.08±0.22 0.46±0.12 4.20/7
0.00≤ Q≤0.55 1.12±0.21 0.46±0.13 4.76/8
0.00≤ Q≤0.60 1.20±0.22 0.46±0.13 8.57/9
0.00≤ Q≤0.65 1.23±0.23 0.46±0.14 10.57/10
0.00≤ Q≤0.70 1.26±0.23 0.46±0.14 13.31/11
Continued on next page
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Table 5.9 – continued from previous page
Fit region (GeV) r0 (fm) λ2 χ2/nd f
0.00≤ Q≤0.75 1.28±0.24 0.46±0.14 17.07/12
0.00≤ Q≤0.80 1.28±0.24 0.46±0.14 17.12/13
Eγ = 1090−1110MeV
0.00≤ Q≤0.40 1.07±0.21 0.56±0.12 1.23/5
0.00≤ Q≤0.45 1.19±0.18 0.55±0.12 3.22/6
0.00≤ Q≤0.50 1.21±0.18 0.55±0.13 3.31/7
0.00≤ Q≤0.55 1.24±0.17 0.54±0.13 4.31/8
0.00≤ Q≤0.60 1.30±0.18 0.53±0.13 9.73/9
0.00≤ Q≤0.65 1.34±0.18 0.52±0.13 15.66/10
0.00≤ Q≤0.70 1.38±0.19 0.51±0.13 33.56/11
0.00≤ Q≤0.75 1.39±0.19 0.51±0.13 43.81/12
0.00≤ Q≤0.80 1.40±0.19 0.51±0.13 46.83/13
Eγ = 1070−1090MeV
0.00≤ Q≤0.40 0.89±0.16 0.47±0.08 4.54/5
0.00≤ Q≤0.45 0.95±0.13 0.45±0.07 5.14/6
0.00≤ Q≤0.50 1.01±0.12 0.43±0.08 6.26/7
0.00≤ Q≤0.55 1.06±0.12 0.42±0.08 9.62/8
0.00≤ Q≤0.60 1.10±0.12 0.41±0.08 13.71/9
0.00≤ Q≤0.65 1.15±0.12 0.40±0.08 26.58/10
0.00≤ Q≤0.70 1.19±0.13 0.38±0.08 53.94/11
0.00≤ Q≤0.75 1.20±0.13 0.38±0.08 72.36/12
0.00≤ Q≤0.80 1.21±0.13 0.38±0.08 75.29/13
Eγ = 1050−1070MeV
0.00≤ Q≤0.40 1.13±0.13 0.64±0.08 11.01/5
0.00≤ Q≤0.45 1.19±0.11 0.64±0.09 12.31/6
0.00≤ Q≤0.50 1.16±0.11 0.64±0.08 13.16/7
0.00≤ Q≤0.55 1.23±0.11 0.63±0.09 22.54/8
0.00≤ Q≤0.60 1.28±0.11 0.63±0.09 32.05/9
0.00≤ Q≤0.65 1.35±0.11 0.61±0.09 79.23/10
0.00≤ Q≤0.70 1.39±0.12 0.60±0.09 115.77/11
0.00≤ Q≤0.75 1.40±0.12 0.60±0.09 130.43/12
0.00≤ Q≤0.80 1.41±0.12 0.60±0.09 134.79/13
Eγ = 1030−1050MeV
0.00≤ Q≤0.40 1.08±0.13 0.62±0.08 9.85/5
0.00≤ Q≤0.45 1.06±0.11 0.63±0.08 9.94/6
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Fit region (GeV) r0 (fm) λ2 χ2/nd f
0.00≤ Q≤0.50 1.09±0.10 0.62±0.08 10.42/7
0.00≤ Q≤0.55 1.15±0.10 0.62±0.09 16.14/8
0.00≤ Q≤0.60 1.21±0.10 0.61±0.09 26.10/9
0.00≤ Q≤0.65 1.26±0.11 0.61±0.09 44.08/10
0.00≤ Q≤0.70 1.31±0.11 0.60±0.09 84.01/11
0.00≤ Q≤0.75 1.32±0.12 0.60±0.09 106.79/12
0.00≤ Q≤0.80 1.33±0.12 0.60±0.09 108.16/13
Eγ = 1010−1030MeV
0.00≤ Q≤0.40 0.98±0.11 0.62±0.07 4.41/5
0.00≤ Q≤0.45 0.95±0.10 0.63±0.07 4.56/6
0.00≤ Q≤0.50 0.97±0.09 0.62±0.07 4.64/7
0.00≤ Q≤0.55 1.04±0.08 0.61±0.07 12.58/8
0.00≤ Q≤0.60 1.11±0.08 0.59±0.07 37.38/9
0.00≤ Q≤0.65 1.14±0.08 0.58±0.08 44.27/10
0.00≤ Q≤0.70 1.17±0.09 0.57±0.08 72.01/11
0.00≤ Q≤0.75 1.18±0.09 0.57±0.08 93.02/12
0.00≤ Q≤0.80 1.18±0.09 0.56±0.08 94.10/13
Eγ = 990−1010MeV
0.00≤ Q≤0.40 1.13±0.09 0.74±0.07 10.04/5
0.00≤ Q≤0.45 1.10±0.08 0.74±0.07 10.53/6
0.00≤ Q≤0.50 1.06±0.08 0.74±0.07 12.38/7
0.00≤ Q≤0.55 1.10±0.07 0.74±0.07 16.53/8
0.00≤ Q≤0.60 1.16±0.07 0.74±0.07 32.95/9
0.00≤ Q≤0.65 1.22±0.08 0.73±0.08 82.43/10
0.00≤ Q≤0.70 1.25±0.08 0.73±0.08 109.40/11
0.00≤ Q≤0.75 1.25±0.08 0.73±0.08 110.66/12
0.00≤ Q≤0.80 1.25±0.08 0.72±0.08 113.63/13
TABLE 5.10: BEC results with different fitting region for the γd→ 2π0X reaction.
Fitting region (GeV) r0 (fm) λ2 χ2/nd f
Eγ = 1130−1150MeV
0.00≤ Q≤0.40 1.18±0.22 0.55±0.11 1.97/5
0.00≤ Q≤0.45 1.17±0.20 0.55±0.11 1.98/6
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Fit region (GeV) r0 (fm) λ2 χ2/nd f
0.00≤ Q≤0.50 1.11±0.18 0.55±0.11 2.58/7
0.00≤ Q≤0.55 1.09±0.17 0.55±0.11 2.73/8
0.00≤ Q≤0.60 1.02±0.16 0.54±0.10 5.15/9
Eγ = 1110−1130MeV
0.00≤ Q≤0.40 1.23±0.17 0.59±0.10 14.79/5
0.00≤ Q≤0.45 1.29±0.15 0.59±0.10 15.53/6
0.00≤ Q≤0.50 1.23±0.15 0.59±0.10 16.76/7
0.00≤ Q≤0.55 1.21±0.14 0.59±0.10 17.41/8
0.00≤ Q≤0.60 1.17±0.14 0.59±0.10 18.49/9
Eγ = 1090−1110MeV
0.00≤ Q≤0.40 1.15±0.16 0.47±0.08 5.66/5
0.00≤ Q≤0.45 1.14±0.14 0.47±0.08 5.67/6
0.00≤ Q≤0.50 1.04±0.13 0.48±0.07 8.94/7
0.00≤ Q≤0.55 0.93±0.13 0.47±0.07 13.24/8
0.00≤ Q≤0.60 0.94±0.12 0.48±0.07 13.38/9
Eγ = 1070−1090MeV
0.00≤ Q≤0.40 1.39±0.12 0.66±0.08 8.98/5
0.00≤ Q≤0.45 1.41±0.11 0.66±0.08 9.22/6
0.00≤ Q≤0.50 1.36±0.11 0.65±0.08 11.74/7
0.00≤ Q≤0.55 1.27±0.10 0.65±0.08 23.25/8
0.00≤ Q≤0.60 1.21±0.10 0.64±0.08 31.05/9
Eγ = 1050−1070MeV
0.00≤ Q≤0.40 1.12±0.09 0.56±0.05 13.27/5
0.00≤ Q≤0.45 1.07±0.08 0.56±0.05 14.47/6
0.00≤ Q≤0.50 1.01±0.07 0.56±0.05 16.72/7
0.00≤ Q≤0.55 1.00±0.07 0.56±0.05 17.04/8
0.00≤ Q≤0.60 0.97±0.07 0.56±0.05 19.13/9
Eγ = 1030−1050MeV
0.00≤ Q≤0.40 0.88±0.09 0.57±0.05 12.61/5
0.00≤ Q≤0.45 0.98±0.07 0.54±0.05 16.09/6
0.00≤ Q≤0.50 0.99±0.07 0.54±0.05 16.28/7
0.00≤ Q≤0.55 0.92±0.06 0.54±0.04 24.70/8
0.00≤ Q≤0.60 0.91±0.06 0.54±0.04 24.72/9
Eγ = 1010−1030MeV
0.00≤ Q≤0.40 1.09±0.08 0.61±0.05 9.88/5
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Fit region (GeV) r0 (fm) λ2 χ2/nd f
0.00≤ Q≤0.45 1.12±0.07 0.60±0.05 10.76/6
0.00≤ Q≤0.50 1.08±0.07 0.61±0.05 13.18/7
0.00≤ Q≤0.55 1.07±0.07 0.61±0.05 13.31/8
0.00≤ Q≤0.60 1.03±0.06 0.61±0.05 19.63/9
Eγ = 990−1010MeV
0.00≤ Q≤0.40 0.99±0.07 0.61±0.04 22.16/5
0.00≤ Q≤0.45 1.05±0.06 0.60±0.04 25.27/6
0.00≤ Q≤0.50 1.01±0.05 0.60±0.04 27.39/7
0.00≤ Q≤0.55 0.98±0.05 0.60±0.04 29.79/8
0.00≤ Q≤0.60 0.96±0.05 0.60±0.04 31.48/9
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Binning in Q
TABLE 5.11: BEC results with different binning width in Q for the γ p→ 2π0X reaction.
Eγ (GeV) r0 (fm) λ2 χ2/nd f
width of the bin of Q is 50 MeV (default)
1.13-1.15 0.89±0.14 0.67±0.19 11.48/17
1.11-1.13 0.92±0.13 0.60±0.16 5.44/19
1.09-1.11 1.18±0.23 0.44±0.21 9.97/19
1.07-1.09 0.90±0.17 0.19±0.09 27.45/19
1.05-1.07 1.08±0.14 0.47±0.13 33.48/19
1.03-1.05 1.09±0.16 0.35±0.13 12.97/19
1.01-1.03 0.96±0.14 0.41±0.12 11.33/19
0.99-1.01 1.39±0.15 0.90±0.22 20.48/19
width of the bin of Q is 25 MeV
1.13-1.15 0.89±0.14 0.68±0.19 20.12/37
1.11-1.13 0.88±0.14 0.51±0.15 16.97/39
1.09-1.11 1.34±0.24 0.73±0.32 26.96/39
1.07-1.09 0.98±0.17 0.23±0.10 49.57/39
1.05-1.07 1.05±0.14 0.42±0.13 54.95/41
1.03-1.05 1.04±0.17 0.30±0.12 23.31/41
1.01-1.03 1.01±0.14 0.43±0.13 35.55/41
0.99-1.01 1.34±0.14 0.86±0.21 45.77/41
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5.6 Discussion
We here discuss the BEC results from the exclusive reaction γ p→ π0π0 p and the inclusive reactions γ p→ π0π0X
and γd → π0π0X . Within error bars, these three reaction channels give consistent dimension parameter r0 and
correlation strength λ2 (or chaoticity parameter). Because the Bose-Einstein correlations between two π0 only
depend on the space-time extension of the source, it is not surprising that the inclusive and the exclusive channels
give the similar results. That the 2π0 channels off the proton and the deuteron have consistent BEC results indicates
that an incident photon mainly interacts with one nucleon in the deuteron, the size of two π0 emitting source for
the proton is the same as that for the neutron, and the correlation strength of the two π0 emitted from the proton is
also similar to that from the neutron.
The r0 and λ2 seem to be independent of the incident photon energy Eγ in the energy region 1.0 GeV ≤ Eγ ≤
1.15 GeV . In principle, the λ2 is a measure of the degree of being chaotic of the 2 π0 emission. But in the
experimental side, many factors affect the extracted value of λ2, such as the resolution of observables and analysis
method. In this work, the event mixing method may introduce a big uncertainty in the λ2 observation. We address
this issue by using different event mixing methods and treat the difference in λ2 from the different methods as a
systematic error.
Because we observe consistent BEC results from the three channels and constant values of them over Eγ , weighted
average values for r0 and λ2 over Eγ are obtained from all these three channels together. It is determined to be
r0 = 1.02±0.01(stat.) f m and λ2 = 0.57±0.01(stat.). As discussed before, the experimental results need to be
corrected, because the improved event mixing method, developed based on the assumption that the 2 π0 channel is
completely dominated by the ∆ sequential decay, introduces a systematic bias. As we do not know the exact con-
tribution of the ∆ sequential decay, the correction should be done based on two extreme assumptions: (1) 100% ∆
contribution; (2) 100% three body phase space contribution. The true value should be between these two corrected
BEC results. We take the averaged value of these two extreme results as the true value and treat the difference
between them as a systematic error. Below are shown the corrected r0 and λ2 values based on the two extreme
assumptions:
(1) 100% ∆ contribution
r0 = 0.91±0.01(stat.) f m, λ2 = 0.88±0.01(stat.),
(2) 100% three body phase space contribution
r0 = 0.91±0.01(stat.) f m, λ2 = 0.43±0.01(stat.).
The averaged values between these two extreme results and the corresponding systematic errors are:
r0 = 0.91±0.01(stat.)±0.04(syst.) f m,
λ2 = 0.66±0.01(stat.)±0.23(syst.).
This r0 gives information about the spatial extension of baryon resonances, because the 2 π0 emitted in photopro-
duction are decayed from excited baryon states. For the two neutral pion photoproduction on the nucleons (the
proton or neutron), one can easily expect that the size of the two pion emitting source in the baryon resonance
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energy region is comparable to the nucleon size ∼ 1.0 f m. Our study based on the BEC analysis confirms this
expectation.
It is difficult to make a quantitative comparison with BEC results from other experiments, because the situations
for other measurements are much different than our case. In the work [192], they measured the source size for
hadronic events at the Z resonance and found the radius to be about 0.5 f m. In the case of heavy-ion collisions,
the source size is found to be larger, of the order of several femtometre [168]. This is nature because of the large
size of the colliding particles.
As we have seen in the Dalitz plots for the reaction γ p→ π0π0 p, the dominant process in this channel is the
resonance sequential decay γ p→ R→ R′π0 → p2π0, where R and R′ stand for baryon resonances. Fig. 5.59
shows a schematic illustration of this resonance sequential decay. Our method, developed for the BEC analysis,
for the first time provides an useful tool to measure the space-time properties of the excited baryon states and
might shed more light on the resonance-resonance transitions. In the double π0 channel, the sequential decay of
γ p→ ∆π0→ pπ0π0 is dominant. This means that the two π0 are not generated simultaneously. Thus the r0 is not
only a measure of the source size, it also contains the delayed time information (∼ 10−23 s) on the later generated
π0 due to the ∆ decay. The r0 and λ2 values obtained in the BEC analysis may provide crucial information about
this sequential decay.
π 0 π 0
R R'
FIGURE 5.59: An example of resonance sequential decay.
Without the information about the exact contributing processes for the double π0 channel, we would say that the
r0 is a measure of the size of the reaction region. However, as we already know, the dominant contribution to
this channel is ∆ sequential decay. Let’s discuss this issue based on the assumption that the ∆ sequential decay is
completely dominant, i.e., all events are from the ∆ process. In this case, the ∆ appears when one π0 is emitted
and the ∆ disappears when another π0 is produced. Thus, during the emission of the two π0, the reaction region
undergoes a propagation process especially along the beam direction. This means that what we measure on the
r0 also contains the information on the propagating particle that produces the second pion. This motivates the
attempt to link the r0 to the time information of the propagating particle. Since the spherical shape of the emitter
is assumed, the r0 should be related to the propagation length of the ∆ within its lifetime τ: r0 ≈ γβτ , where γ and
β are the Lorentz factor and the velocity of the ∆, respectively. For the photoproduction on the proton with the
incident photon energy of∼ 1.1 GeV , the momentum and the invariant mass of the whole system are ps = 1.1 GeV
and
√
s ≈ 1.71 GeV , respectively. If we assume that the ∆ has a similar momentum as the whole system, its
velocity should be γβ = ps/
√
s ≈ 0.64. Then the lifetime of the propagating particle is given by τ = r0/(γβ ) =
0.91 f m/0.64≈ 1.4 f m. This lifetime corresponds to a width of the mass, ∼ 141 MeV , which is comparable with
the Breit-Wigner full width of the ∆ ∼ 117 MeV . This simple discussion shows that the propagation time of the
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∆ during the two pions emission would provide an accepted explanation of the experimental r0 value from the
BEC analysis. But such an explanation is not completed if we do not have the size information in the transverse
direction with respect to the beam direction. To do this, we need to perform the two-dimensional BEC analysis
by using the correlation function expressed in terms of the longitudinal component Qz of Q and the transverse
component QT : C2(Qz,QT ) = 1+λ2e−(r
2
z Q
2
z+r
2
T Q
2
T ) (see section 1.7.2 for details). Present study is limited from
this point of view. Experimental data in the future with more statistics will be very helpful for such more precise
analysis.
Chapter 6
Conclusion and outlook
Double neutral pion photoproduction was investigated with a 4π electro-magnetic calorimeter complex, named
FOREST, using the STB-Tagger II photon tagging spectrometer at the Research Center for Electron Photon Sci-
ence (ELPH), Tohoku University in the years 2008, 2009 and 2010 just before the Great East-Japan Earthquake.
FOREST is used to detect neutral mesons decaying into γ’s as well as some charged particles. The photon beam,
produced in a bremsstrahlung process by colliding the circulating electrons with an internal radiator made of a
carbon fiber, is able to vary from 580 MeV to 1150 MeV in energy. In this study, we measured the total cross sec-
tion of the γ p→ π0π0 p reaction with a systematic error of 11% as well as the Dalitz plots and the invariant mass
distributions of m(π0π0) and m(p,π0). The result of m(p,π0) spectra nicely confirms that the ∆ sequential decay
γ p→ π0∆→ 2π0 p is the main contribution to the γ p→ 2π0 p reaction both in the second and third resonance
regions.
Apart from the cross section measurement, we also study the space-time extension of the two-pion emitting source
using Bose-Einstein (BE) correlations between the two neutral pions. This is the first time attempt to observe the
BE effects of two π0 from photoproduction in the baryon resonance energy region in the world. Bose-Einstein
correlations of identical bosons were discovered more than 50 years ago and it was immediately realized that it
provides an approach to the spatial extension of the bosons emission source. Actually, BEC analysis is the only
method to measure the size of unstable hadrons. Extensive theoretical and experimental studies about BEC have
been carried out in the hadronic reaction field and heavy-ion collisions at high energies over 50 years. However, in
the non-perturbative QCD energy region, BEC analysis has not yet been performed because the observation of the
BE effects is strongly obscured by many factors such as strict kinematical limits and resonance effects. And there
was no reliable method previously to address this problem. In this work, we study the space-time properties of the
excited nucleon in the non-perturbative QCD region via BE correlations in two neutral pions from photoproduction
off a proton/neutron target both in the exclusive and the inclusive cases.
The BE correlations of 2π0 are measured in terms of the correlation function, the ratio of the Q distribution of
the real data to that from a reference sample free of BE effects. Here Q stands for the invariant mass of the
two neutral pions’ relative four-momentum. The correlation function is parameterized by two parameters: r0, a
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measure of the size of the pion emitting source, and λ2, a measure of the strength of the correlation (or degree
of being chaotic for the emission). To construct a valid reference sample, we developed an event mixing method,
which constructs an event in the reference sample by combining two pions from different events with appropriate
kinematic cut conditions. The BE parameters r0 and λ2 are extracted by fitting the theoretical correction function
to the measured one. With this event mixing method, the dimension parameter r0 and the chaoticity parameter λ2
for the two pions emitting source are obtained via the BEC analysis of the two neutral pions from the exclusive
reaction γ p→ π0π0 p and the inclusive reactions γ p→ π0π0X and γd→ π0π0X . Within error bars, these three
reaction channels show consistent results for the r0 and the λ2. And the BE parameters from the proton and the
deuteron show consistent values. These results indicate that an incident photon mainly interacts with one nucleon
in the deuteron, the sizes of two π0 emitting source for the proton and the neutron are the same as each other, and
the correlation strength of the two π0 emitted from the proton is also similar to that from the neutron.
As shown in the BEC results, both the r0 and λ2 values do not depend on the incident photon energy in the region
1.0 GeV ≤ Eγ ≤ 1.15 GeV . Weighted average values for the r0 and the λ2 over Eγ are obtained from all these three
channels together. It is determined to be r0 = 0.91±0.01 (stat.)±0.04 (syst.) f m and λ2 = 0.66±0.01 (stat.)±
0.23 (syst.). Because the 2π0 in photoproduction are from baryon resonances, this r0 value provides information
about the spatial extension of the excited baryon states. For the double neutral pion photoproduction on the nucleon
(the proton or neutron), it is natural to expect that the size of the two pion emitting source is comparable to the
nucleon size ∼ 1.0 f m. Our study confirmed this expectation in the baryon resonance region. And the method we
developed for the first time in this study also provides another approach to measure the size of baryon resonances.
Outlook
The BEC analysis should be extended to higher energies for several reasons. First, at higher energies, the fitting
uncertainty of the correlation function will be reduced due to the sufficient fitting region. Second, we are interested
in whether the size of the two–neutral–pion emitting source dependes on the energy or not. Expanding the energy
range would be very helpful for this study.
In the future experiments, more statistics should be gained. The study of the energy dependence of the source size
would be benefited from the experimental data with more statistics.
Because ∆ sequential decay is the dominant contribution to the double neutral pion channel, the two π0 are not
generated simultaneously at most times. As a result, the r0, obtained in the BEC analysis, is not only a measure
of the source size, it also contains the delayed time information (∼ 10−23 s) on the later generated π0 due to the
∆ decay. Two-dimensional or three-dimensional BEC analysis with more statics will be very helpful for studying
this issue, especially for measuring the transverse size and the longitudinal size with respect to the beam line
independently.
As mentioned in the introduction section, it is found that double ∆ can be produced in photoproduction off the
deuteron. The size of the two pions emitting source can be studied by using BEC analysis, which allows one to
get insight on the underlying dynamics of this process. To this end, a pure 2∆ event sample and enough statistics
are highly required. An appropriate event mixing method should also be developed.
Appendix A
Kinematic Fitting
Kinematic fitting is a mathematical method, which can be used to improve measurements by applying physical
constraints like energy-momentum conservation or invariant masses of particles. This note is aimed to describe
the basic mathematical concepts of kinematic fitting. Also, we will introduce two important ways of evaluating
the performance of the fitting. The first one is the Confidence Level which is used to measure the goodness-of-fit
of the measurements and the fitted hypothesis. The second one is the Pull distribution used to evaluate the error
estimation of the measurements.
Suppose, for studying a certain physical problem, we have to measure a set of m measurable variables denoted
as the m-vector η = (η1,η2, ..,ηm)T . The real measured values and their corresponding errors are put in the
m-vectors y = (y1,y2, ...,ym)T and σ(y) = (σ(y1),σ(y2), ...,σ(ym))T respectively. In addition, because of the
limitation of the experiment we have a set of n unmeasurable variables, denoted as ξ = (ξ1,ξ2, ...,ξn)T , which are
also necessary to describe the problem.
We often has a hypothesis on this physical problem [17–20]. In other word, we guess this physical problem should
be subject to certain physical constraints like energy and momentum conservation or invariant masses of particles,
which give a set of r constraint functions
fi(η ,ξ ) = 0, i = 1,2, ...,r (A.1)
Therefore, both η and ξ are supposed to fulfill the constraints. Because of the uncertainties σ(y) in the real
measured quantities y, if we let y and ξ 0(calculated with constraints and y)to be the first approximation of η and
ξ , these constraints are not exactly fulfilled. We can then use the constraints to slightly adjust the measured values
within their uncertainties. Such a procedure is referred to as “kinematic fitting”. Generally, one do kinematic
fitting by applying least-square fitting procedure together with Lagrangian Multipliers method which are used to
handle the kinematic constraints. In the following, we will describe the general mathematics concepts of this.
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A.1 Least-Squares fitting with Lagrangian Multipliers
According to the least-squares principle[17–20], we should seek those values of the measurable quantities η as
the best estimation that satisfy
χ
2(η) = (η− y)TC−1y (η− y) = minimum, (A.2)
where matrices Cy of m rows and m volumes is called covariance matrix of y, which parameterize the correlation
of the errors of the measured quantities yi’s, because in general case the errors are not independent. In the case
where ηi’s are independent measurements, Cy is a diagonal matrix and the values of diagonal elements are squared
σ(y), and equation (A.2) takes on the more familiar form of χ2(η) = (η− y)2/σ2(y).
Now that η in equation (A.2) and unmeasurable values ξ are subject to equation (A.1), we therefore combine
(A.1) and (A.2) together by the method of Lagrangian multipliers,
L(η ,ξ ,λ ) = (η− y)TC−1y (η− y)+λ T f (η ,ξ ) = minimum, (A.3)
where λ and f (η ,ξ ) both are r-vectors denoting a set of r Lagrangian multipliers and constraint equations
fi(η ,ξ )(i = 1,2, ...r). We then rephrase the problem (A.1) and (A.3) by an union equation (A.3) which have
a dependence on total η , ξ and λ . To minimize L(η ,ξ ,λ ) we need set the total differential of L with respect to
eta, ξ and λ equal to zero ∂L/∂η = ∂L/∂ξ = ∂L/∂λ = 0 and we will get
C−1y (η− y)+FTη λ = 0, (A.4)
FT
ξ
λ = 0, (A.5)
f (η ,ξ ) = 0, (A.6)
where Fη and Fξ are r×m and r×n matrices respectively,
Fη = (Fη)i j = (∂ fi/∂η j)η ,ξ (i = 1,2, ...r; j = 1,2, ...m), (A.7)
Fξ = (Fξ )i j = (∂ fi/∂ξ j)η ,ξ (i = 1,2, ...r; j = 1,2, ...n). (A.8)
Generally, fi(η ,ξ ) is non-linear function on η and ξ , so equation (A.3) can not give an exact solution to η , ξ
and λ . The solution of equation (A.3) must in general case be found by iterations, producing successively better
approximation.
Let us suppose that after the ν th iteration the approximative solution is given by the values ην , ξ ν and λ ν . Also
we assume that the constraint equation fi(ην+1,ξ ν+1) after the next (ν + 1)th iteration is well approximated by
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linear functions in the neighborhood around (ην , ξ ν ). For convenience, let us define
∆η = ην+1− y, (A.9)
∆ξ = ξ ν+1−ξ 0, (A.10)
δη = ην − y, (A.11)
δξ = ξ ν −ξ 0. (A.12)
Now we can perform a Taylor expansion of fi(ην+1,ξ ν+1) to the first order in the point (ην , ξ ν ),
fi(ην+1,ξ ν+1) = fi(ην ,ξ ν)+(FTη )
ν(ην+1−ην)+(FT
ξ
)ν(ξ ν+1−ξ ν) (A.13)
= fi(ην ,ξ ν)+(FTη )
ν(∆η−δη)+(FT
ξ
)ν(∆ξ −δξ ), (A.14)
i = 1,2, ...,r. (A.15)
(A.16)
We then can rewrite (A.4), (A.5) and (A.6) as
C−1y ∆η +(F
T
η )
ν
λ
ν+1 = 0, (A.17)
(FT
ξ
)ν λ ν+1 = 0, (A.18)
Fνη ∆η +F
ν
ξ
∆ξ = c, (A.19)
where c=−Fν +Fνη δη+Fνξ δξ with (Fν)i = fi(ην ,ξ ν)(i= 1,2, ...r). These (m+n+r) equations of (A.17),(A.18)
and (A.19), which will be solved after each iteration for the unknown ∆η , ∆ξ and λ ν+1 , can be rewritten in only
one equation with partitioned matrices
C−1y 0 F
T
η
0 0 FT
ξ
Fη Fξ 0


∆η
∆ξ
λ ν+1
=

0
0
c
 (A.20)
The inverse of the matrix in (A.20) can be written in a partitioned way,

C−1y 0 F
T
η
0 0 FT
ξ
Fη Fξ 0

−1
=

C11 CT21 C
T
31
C21 CT22 C
T
32
C31 C32 C33
 (A.21)
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where the matrices Ci j can be defined as below,
C11 = Cy−CyFTη AFηCy +CyFTη AFξ B−1FTξ AFηCy, (A.22)
C21 = −B−1FTξ AFηCy, (A.23)
C22 = B−1, (A.24)
C31 = AFηCy−AFξ B−1FTξ AFηCy, (A.25)
C32 = AFξ B
−1, (A.26)
C33 = −A+AFξ B−1FTξ A, (A.27)
(A.28)
where we define A as (FηCyFTη )
−1 and B as (FT
ξ
AFξ ) for convenience. We then can calculate unknown ∆η , ∆ξ
and λ ν+1 as below,
∆η =CT31c = (CyF
T
η A−CyFTη AFξ B−1FTξ A)c, (A.29)
∆ξ =CT32c = (B(−1FTξ A)c, (A.30)
λ
ν+1 =CT33c = (−A+AFξ B−1Fξ TA)c. (A.31)
Then, the improved values of the measurable and unmeasurable variables are η = y+∆η and ξ = ξ 0 +∆ξ . The
iteration process is done by replacing (δη , δξ ) by (∆η , ∆ξ ) in equations (A.29)-(A.31) to obtain the new improved
η and ξ . Usually one need continue the iteration until the difference of χ2(η) between two successive steps is
small enough. After the last iteration, we get the final improved η and ξ as the best estimation of the measurable
and unmeasurable variables.
A.2 Error Calculation
The errors in the improved η and ξ can be calculated by applying the law of error propagation[17, 19]. Let’s first
consider η and ξ as functions of the experimental measurements y,
η = g(y) (A.32)
ξ = h(y) (A.33)
With the approximation that η and ξ have a linear dependence on y, the covariance matrices for η and ξ are
calculated by the error propagation law,
Cη =
dg
dy
Cy(
dg
dy
)T , (A.34)
Cξ =
dh
dy
Cy(
dh
dy
)T , (A.35)
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where (dg/dy) and (dh/dy) are m×m and n×m matrices which contain the derivatives of g and h with respect to
y respectively. Finally we will get
Cη =C11, (A.36)
Cξ =C22. (A.37)
With the covariance matrix of η and ξ , the corresponding estimate errors σ(η i) and σ(ξ i) are given by the square
roots of the diagonal elements of Cη and Cξ respectively.
σ(ηi) =
√
(Cη)ii(i = 1,2, ...m), (A.38)
σ(ξi) =
√
(Cξ )ii(i = 1,2, ...n). (A.39)
The non-diagonal elements parameterize the correlation between these estimate errors. The correlation coefficient
of two errors is defined as,
ρik =
(Cη)ik
σ(ηi)σ(ηk)
,(i,k = 1,2, ...m). (A.40)
ρik =
(Cξ )ik
σ(ξi)σ(ξk)
,(i,k = 1,2, ...n). (A.41)
A.3 Confidence Level
As far as we obtain the final estimation for unknowns η and ξ , we have a new task to find a way to check the
agreement between the measured quantities and the hypothesis, or the goodness-of-fit. To do this, firstly we need
introduce a new concept. Remember that in our problem we have a set of m measurable quantities η , n un-
measurable ξ and a set of k constraint equation which make η and ξ related. We define k = m− (m+ n− r) =
r−n(r >= n) as the degree of freedom (nd f ) of this problem.
Suppose we have repeated the measurements up to many many times. In the ideal case, let us assume that all
measurements are subject to a same specific hypothesis and the measurements have a normal distributed errors.
We have performed the kinematic fitting at each measurements with the the same hypothesis. Each fitting will give
it’s best χ2 value, and we can make a distribution of these χ2 . Guess what, such distribution can be parameterized
by a function f (χ2,k) which only depend on the degree of freedom of the kinematic fitting[1]. Put it in general
case, any kinematic fitting with same nd f should have the same distribution of χ2. f (χ2,k) is called χ2 probability
density function.
We then define another function: Confidence Level (or called chi-square probability),
CL =
∫
∞
χ2
f (z;k)dz, (A.42)
where CL is the abbreviate of Confidence Level and f(z;k) is the χ2 probability density function with k degree of
freedom as we discussed above.
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For a given χ2 from one kinematic fitting with ndf=k , CL is a measure of the probability that a value z from
the χ2 probability density f(z;k) exceeds this χ2. In other words, CL provide a method to judge the goodness-of-
fit. Higher CL means that the agreement between the experimental data and hypothesis is good, while lower CL
indicates a bad agreement. The values of CL with any z and k can be found from many data bank, or calculated by
specific computer programing.
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FIGURE A.1: Confidence Level distribution with background events.
The CL should have a flat distribution from 0 to 1 if we don’t have any background events which do not satisfy
the hypothesis. While we will observe a sharp rise near 0 in CL distribution in the case that we have background
events. Thus we can use this property to cut background events by cutting the events with low confidence level.
Suppose a huge amount data have been collected from an experiments in which three nuclear reactions marked
A,B and C have been produced. If we just need the data from reaction B, we can set the hypothesis as B and then
perform kinematic fitting. If everything go well we will obtain a CL distribution in which a sharp rise appear near
0 and a wide flat distribution exhibits in the following region until 1. The sharp rise is due to background events
from reaction A and C, while the flat distribution is due to true events from reaction B (see Figure A.1). Only those
events with enough large confidence level (named CL cuts) would be accepted as the candidates of reaction B.
A.4 Pull function (Stretch Function )
Kinematic fitting require a correct knowledge of the errors of measurements. But commonly it is not so easy to
estimate errors correctly. Incorrect errors will lead skew(un-flat) CL distribution. But a skew CL distribution may
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be due to many reasons. It can not help us to figure out which error is estimated incorrectly. Thus we need another
tool to judge the quantity of the error estimation. It is Pull Distribution[17], also called “stretch function”. The
Pull value of the ith fitted variable is defined as,
Pulli =
εi
σ(εi)
, (A.43)
where εii = ηi−yi is a measure of the deviations between the measurements yi and the fitted values ηi. σ(εi) is the
standard deviation of εi. Considering uncorrelated measured variables and a sufficiently linear estimation problem
we have
σ
2(εi) = (Cη−y)ii = (Cy)ii−2cov(η ,y)+(Cη)ii = (Cy)ii− (Cη)ii. (A.44)
Then, equation (A.43) can be expressed as,
Pulli =
(ηi− yi)√
(σ2(ηi)−σ2(yi))
. (A.45)
The minus sign in the denominator here has its origin in the fact that the two quantities in the numerator are
completely (positively) correlated. The distribution of the Pull value should be close the normal distribution
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FIGURE A.2: Pull distributions with (a) correct error, (b) underestimated error, (c) overestimated error, and (d)
systematic error.
N(0,1) around 0 with σ = 1. This property is useful to evaluate the error estimation of the measurements y. In
a particular kinematical fitting, if the error of yi have been consistently underestimated, then the Pull distribution
will broader than N(0,1). On the other hand, overestimated errors will lead to a narrower distribution. If one finds
that the the ith Pull distribution shows an overall shift away from 0, this demonstrates a certain bias(systematic
error) in the ith measurements. These special properties are summarized in Figure A.2.
A.5 Example: kinematical fitting for γ p→ π0p→ γγ p
Let’s take a look at an example of the event selection of γ p→ π0 p→ γγ p. Denote (Ei,θi,φi)(i = 1,2) as the
ith gamma’s energy, polar angle and azimuthal angle with respect to beam direction, (Ep,Pp,θp,φp) as proton’s
energy, momentum, polar angle and azimuthal angle with respect beam direction, and Eγ as incident gamma beam
energy. Among them, Ep and Pp are unmeasurable kinematic variables, others are measurable variables,
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η =
(
E1 θ1 φ1 E2 θ2 φ2 θp φp Eγ
)T
, (A.46)
ξ =
(
Ep Pp
)T
. (A.47)
Four momentum conservation and the invariant masses of π0 and proton give 5 constraint equations as below,
f1 = Eγ +mp−
2
∑
i=1
Ei−Ep = 0, (A.48)
f2 =
2
∑
i=1
Eisinθicosφi +Ppsinθpcosφp = 0, (A.49)
f3 =
2
∑
i=1
Eisinθisinφi +Ppsinθpsinφp = 0, (A.50)
f4 =
2
∑
i=1
Eicosθi +Ppcosθp = 0, (A.51)
f5 = 2E1E2(1− sinθ1sinθ2cos(φ1−φ2)− cosθ1cosθ2)−m2π0 = 0, (A.52)
f6 = (E2p−P2p )−m2p = 0. (A.53)
The derivatives of these constraint equations and corresponding programming code are very similar to that for
γ p → π0π0 p → γγγγ p. Thus the details are not described here. χ2 and Confidence level(CL) distribution
are shown in figure A.3. It exhibits a flat distribution of CL. Pull distributions of six kinematic variables
(E1,θ1,φ1,θp,φp,Eγ ) are shown in figure A.4. A systematic error is indicated for θp, while other 5 Pull distri-
butions are sufficiently close to a normal Gaussian distribution N(0,1).
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FIGURE A.3: (a) χ2 distribution; (b) χ2 Probability (or confidence level ) distribution; (c) Number of iteration.
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FIGURE A.4: Pull distribution from the 6-C kinematic fit of γ p→ π0 p with CL > 1%. Pull values of (a) E1, (b)
θ1, (c) φ1, (d) θp, (e)φp and (f) Eγ are shown by the filled areas. The red lines in all of pad indicate a Gaussian
distribution with mean of 0 and sigma of 1.

Appendix B
Lorentz Transformations
Since Lorentz transformations are heavily used in particle physics, we hereby list some very useful equations1.
Consider a particle with energy E and 3-momentum p, which form it’s four vector p = (E, p) whose square
p2 = E2− p2= m2, where m is the rest mass of this particle. The velocity of the particle is β = p/E. Then the
energy-momentum (E∗, p∗) viewed from a reference coordinate moving with velocity β f are given by E∗
p∗
=
 γ f −γ f β Tf
−γ f β f I +(γ f −1)β f β Tf /β 2f
=
 E
p
 , (B.1)
where γ f = (1− β f 2)−1/2 is the Lorentz factor of the reference coordinate. Writing this equation in a more
explicitly form we get:
{
E∗ = γ f (E−β Tf p),
p∗ = p+β f (
γ2f
γ f +1
β f · p− γ f E),
(B.2)
where we use the identical equation (γ−1)/β 2 = γ2/(γ +1). The transformation matrix also holds for the space-
time coordinates (ct,x) transformation,
 t∗
x∗
=
 γ f −γ f β Tf
−γ f β f I +(γ f −1)β f β Tf /β 2f
=
 t
x
 . (B.3)
Here we also show a C language utility used to do Lorentz transformation 2. In this utility, argument *plab is a 4-
dimensional vector holding the original 4-vector p = (E, p), *bt is a 4-vector (γ f ,β f ) and *pcm is the transformed
energy-momentum (E∗, p∗) after booting with velocity β f . The codes of this utility is shown below:
1 int LorentzTransform(double *plab , double *bt, double *pcm)
2 {
3 int i;
4 for (i=0; i<3; i++) {
5 pcm[i+1] = -bt[0]*bt[i+1]* plab [0]+ plab[i+1]+
1Throughout this section we used natural units in which h̄ = c = 1
2Source: RFP analysis package by T. Ishikawa.
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6 pow(bt[0] ,2.)/(bt [0]+1)* bt[i+1]*
7 (bt[1]* plab [1]+bt[2]* plab [2]+bt[3]* plab [3]);
8 }
9 pcm [0]=bt[0]* plab[0]-bt[0]*
10 (bt[1]* plab [1]+bt[2]* plab [2]+bt[3]* plab [3]);
11 return 0;
12 }
The equation B.1 is a general transformation for boosting in any direction. It can be derived from the simple
transformation for a one-dimensional boosting, E∗
p∗||
=
 γ f −γ f β Tf
−γ f β f γ f
=
 E
p||
 , pT = p∗T , (B.4)
where pT (p||) are the components of p perpendicular (parallel) to β f . Since p|| is parallel to β f we have
p|| = |p|||
β f
|β f |
=
p ·β f
|β f |
β f
|β f |
. (B.5)
Then with equations B.4 and B.5 we compose the boosted momentum p∗ by
p∗ = p∗||+ p
∗
T , (B.6)
= p∗||+ pT , (B.7)
= −γ f β f E + γ f p||+ pT , (B.8)
= −γ f β f E +(γ f −1)p||+(pT + p||), (B.9)
= −γ f β f E +(γ f −1)p||+ p, (B.10)
= p+β f (
γ2f
γ f +1
β f · p− γ f E), (B.11)
which is the same as equation B.1.
Appendix C
Kinematics for γ p→ 2π0p→ 4γ p reaction
The kinematic variables of the reaction γ p→ 2π0 p→ 4γ p is subject to the energy-momentum conservation. A
better understanding of it is essential and very helpful when handling the event selection and analysis of this
channel.
C.1 Minimum opening angle between two photons decaying from a pion
Suppose a π0 decays into two photons with four momentum pi = (Ei, p),(i = 1,2). The two photons four momen-
tum must satisfy,
Mγγ =
√
(p1 + p2)2 =
√
2E1E2(1− cosθγγ) = 2sin(θγγ/2)
√
E1E2 ≡ mπ0 , (C.1)
where Mγγ is the invariant mass of these two photons and θγγ is the opening angle of them. Then we can get the
relation of θγγ between Mγγ , E1 and E2
θγγ = 2sin−1(
Mγγ
2
√
E1E2
)≤ 2sin−1( Mγγ
E1 +E2
), (C.2)
where the right = hold when E1 = E2. Equation C.2 shows a minimum opening angle exists when two photons
share the same energy from it’s mother particle. In Fig. C.1, the minimum opening angle is shown as a function of
two photons’ total energy for the decay of π0→ 2γ . In Fig. C.2, 2-dimensional plots of θγγ versus pion’s momenta
are shown at different incident photon energies, which are obtained by a phase-space Monte Carlo simulation of
γ p→ 2π0 p→ 4γ p reaction. In the simulation, the target proton is set as rest.
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FIGURE C.1: The minimum opening angle θ minγγ between 2γs’ decaying from a π
0 as a function of two γs’ total
energy E1+E2. The relation of θ minγγ is also showed in the plot where mγγ is the invariant mass of these two photons.
C.2 Relations between emission angle θ and momenta for the final state
particles π0, the proton and γ
Also, a rich knowledge of the emission angle and momenta for the final state particles emitted from the γ p→
2π0 p→ 4γ p reaction is very suggestive in setting effective kinematic cuts involving the event selection. A phase-
space Monte Carlo simulation was performed to plot the allowed kinematic region of this reaction channel. Fig.
C.3 shows 2-dimensional plots of momenta versus emission angle θ of the final state particles π0, the proton and γ
at different incoming photon energies. It is obviously shown that the proton’s emission angle can not exceed 90o,
indicating that the emitted proton can only go forwardly. In the event selection, we should reject such events that
have proton candidates go backward.
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FIGURE C.3: Two dimensional plot of the momenta versus emission angle θ for π0 (left column), proton (middle
column) and pion decaying photons (right column), which are emitted from γ p→ 2π0 p→ 4γ p reaction.

Appendix D
Simulation results for Monte Carlo
γ p→ pπ0π0 with different assumptions for
∆ and pure phase space combination
I here present the simulation results that are used to correct the final BEC results from experimental data. In
the simulation, I assume different partial contributions from ∆ sequential decay and pure phase space process to
γ p→ pπ0π0. In the first case, all γ p→ pπ0π0 events are produced from ∆ sequential decay. The corresponding
correlation functions obtained with the improved results are shown in Fig. D.1. In the second case, I assume that
all γ p→ pπ0π0 events are produced in a pure three body phase space process. The corresponding result is shown
in Fig. D.2.
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FIGURE D.1: Correlation functions for the Monte Carlo events γ p→ pπ0π0 with BE effects. In the simulation, I
assume that ∆ sequential decay has a 100% contribution to this channel. Two different BE parameters are employed
in the simulation: (upper) r0 = 0.8 f m and λ2 = 0.5; (lower) r0 = 0.8 f m and λ2 = 1.0. The results are obtained
with the improved event mixing method.
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FIGURE D.2: Correlation functions for the Monte Carlo events γ p→ pπ0π0 with BE effects. In the simulation,
I assume that pure phase space events has a 100% contribution to this channel. Two different BE parameters are
employed in the simulation: (upper) r0 = 0.8 f m and λ2 = 0.5; (lower) r0 = 0.8 f m and λ2 = 1.0. The results are
obtained with the improved event mixing method.
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